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Fig. 2. MMM L2 cache miss ratio on Itanium 2.

matrix C is preceded almost immediately by a read of the Once N becomes large enough, there are capacity
same element. Therefore, we can focus on the reads. misses. For matrix multiply, there is a symmetry in the

For small enough matrices, there are no capacGtcesses made to the different elements of a given matrix,
misses, so the only misses are cold misses. If we assumsdhhe behavior is easy to analyze. When the problem size
the line size i doubles, each miss bringdielements of is small, the only misses are cold misses, and the accesses
the matrix, so the number of cold misses M¢=B. to that matrix enjoy both spatial and temporal locality, so
Therefore, the miss ratio ifN34bN° ¥, 3=4bN. As N the number of misses i?=h. As the problem size
increases, the predicted miss ratio decreases until we stareases, the accesses to that matrix may lose temporal
to observe capacity misses, which can be seen in Fig. Bcality but may still enjoy spatial locality. In that case,

Fig. 3. MMM L2 cache miss ratio on Itanium 2 for small problem sizes.

4 Proceedings of the IEEE]| Vol. 96, No. 5, May 2008



Kulkarni and Pingali: Self-Optimizing Dense Linear Algebra Software

~

Fig. 4. Traversal order of the three matrices in MMM.

one in every b accesses is a miss, so the number of misses
is N3/b. Finally, when the problem size increases even
further, the accesses may have neither spatial nor
temporal locality, and every access is a miss, so the
number of misses is N°. Therefore, the number of misses
for a given matrix will be one of the three possibilities
shown in Table 1.

We now want to estimate the problem sizes at which
the matrices transition between these behaviors. This
depends on the loop order and the layout of matrices in
memory. We will focus on the ijk loop order and row-major
data layout to be concrete. First, we introduce some
notation that uses the well-known idea of stack distance for
caches [17]: given two memory accesses in the address
stream of a computation, the stack distance is the number
of distinct cache lines touched by the computation
between these accesses. Because of the symmetries in
the accesses made by matrix multiplication, we can define
the following concepts.

d M the stack distance between successive accesses
to a given element of matrix M.
d, M the minimum stack distance between succes-

sive accesses to distinct elements of matrix M
that lie on the same cache line.

Consider a cache that can hold C doubles. Clearly, if C
is less than b d, M, then accesses to M will not enjoy
temporal locality. Between two successive accesses to a
given element, more lines will be touched than can fit into
cache, and hence the second access will miss.® Similarly, if
C<b dy M, then M will not exhibit spatial locality.

We now compute d, and d, for each matrix for the ijk
loop order.

A In the inner loop, A is walked in row-major
order. Thus, d, A is three; accesses to the three

5Due to Least Recently Used (LRU) replacement, C b d, M does
not guarantee that M will exhibit temporal locality. However, the
additional capacity required to ensure temporal locality is of lower order
than d;, so we ignore it in this analysis.

matrices touch a cache line each. Next, we see
that every j walks the same row. Thus, we return
to the same memory location every N iterations.
As aresult, d, A iSN/b N 1:N/b lines
from A, N lines of B, as it is walked in column
major order, and the single cache line of C that
remains fixed. We can disregard terms in d;, A
and d; A that are not dependent on N, as they
become negligible as problem size increases.
Thus, A exhibits temporal locality for small
problem sizes and has spatial locality at all sizes.
We can therefore express the total misses for A
in the ijk loop order as a function of problem
size, line size, and cache size

. N2/b | BN N C
MisSies N;b,C ... {N3/b ‘ otherwise.
B We can easily see that an element of B is only

touched once for each iteration of the i loop.
Thus, we return to the same location once
every N2 iterations. In that time, we have
touched all of B, a row of A, and a row of C.
Therefore, d, B ... N> 2N /b. Because B is
walked in column major order, we see that we
do not return to the same cache line until we
have walked all the way down the column (i.e.,
every N accesses). Thus, by a similar argument

asforA, d,B ..N/b N 1, giving us
N2/b N2 2N C
missj.s N,b,C ... < N3/b BN N C
N® otherwise.
C Here, we see that in the inner loop, the

element of C we touch remains fixed. Thus,
d; C ... 3, as only the extra accesses to A and
B intervene. We also see that the middle loop
walks C in row-major order. Thus, d; C ... 3
as well. This means that C always exhibits
spatial and temporal locality, giving us

miss;j.c N,b,C ... N?/b.

TABLE 1 Possible Miss Totals for a Given Matrix

Locality exhibited | Total misses
none N3
spatial N3/b
both NZ2/b
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ATLAS Model) use the same code generator, we are
assured that any difference in the performance of the
generated code results solely from different choices for
optimization parameter values.

A. ATLAS Code Generation

In this section, we use the framework of restructuring
compilers to describe the structure of the code generated
by the ATLAS Code Generator. While reading this
description, it is important to keep in mind that ATLAS
is not a compiler. Nevertheless, thinking in these terms
helps clarify the significance of the code optimization
parameters used in ATLAS. We focus on parameters
relevant for memory hierarchy optimization.

Our discussion will use MMM, which is the key routine
in the BLAS, as the running example. NaBe MMM code
was shown in Fig. 1.

1) Memory Hierarchy Optimizations: This code can be
optimized by tiling for the L1 data cache and registers,
using approaches similar to those discussed in Section 11-B.

€ Optimization for the L1 data cache: To improve

locality, ATLAS implements an MMM as a
sequence of mini-MMMs, where each mini-
MMM multiplies submatrices of size Nz Np.
Np is an optimization parameter whose value
must be chosen so that the working set of the
mini-MMM fits in the L1 cache.

In the terminology of loop transformations, as
discussed in Section 11-B, the triply nested loop of
Fig. 1 is tiled with tiles of size N5 N Np,
producing an outer and an inner loop nest. For the
outer loop nest, code for both the JIK and 1JK loop
orders are implemented. When the MMM library
routine is called, it uses the shapes of the input
arrays to decide which version to invoke. For the
inner loop nest, only the JIK loop order is used,
with i k' as control variables. This inner loop
nest multiplies submatrices of size Ny N, and
we call this computation a mini-MMM.

€ Optimization for the register file: ATLAS imple-

ments each mini-MMM as a sequence of micro-
MMMs, where each micro-MMM multiplies an
My 1 submatrix of A with al Ny submatrix
of B and accumulates the result into an My Ny
submatrix of C. My and Ny are optimization
parameters that must be chosen so that a micro-
MMM can be executed out of the floating-point
registers. For this to happen, it is necessary that
My Ny My Ny Np L, where Ny is
the number of floating-point registers. L, is a
latency value that ATLAS uses when doing
computation scheduling, which has the effect of
reducing the number of available registers.

In terms of loop transformations, the i K’
loops of the mini-MMM from the previous step

// MMM loop nest (4,%,k)
// copy full A here
for j€[l: Np: M]
// copy a panel of B here
for 1 €[1: Np:N]
// copy a tile of C here
for k€[l: Np: K]
// mini-MMM loop nest (j,i,k)
for j€[j: Ny :5+ Np—1]
for i € [i: My :i+ Np — 1]
for ¥ € [k: Ky :k+ Np — 1]
for K €[k :1: K + Ky —1]
// micro-MMM loop nest (j”,i")
for 57 €j :1:5 + Ny -1]
for " €' :1:¢ 4+ My —1]
Crgrr = Corgnr + Agrgrr % B

Fig. 9. MMM tiled for L1 data cache and registers.

are tiled with tiles of size Ny My Ky,
producing an extra (inner) loop nest. The JIK
loop order is chosen for the outer loop nest after
tiling and the KJI loop order for the inner loop
nest. The resulting code after the two tiling steps
is shown in Fig. 9. To keep this code simple, we
have assumed that all step sizes in these loops
divide the appropriate loop bounds exactly (so Np
divides M, N, K, etc.). In reality, code should also
be generated to handle the fractional tiles at the
boundaries of the three arrays; we omit this
cleanup code to avoid complicating the descrip-
tion. The k¥ loop is unrolled completely. Fig. 10
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Fig. 10. Mini-MMM and micro-MMM.
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TABLE 2 Summary of Optimization Parameters

is a pictorial view of a mini-MMM computation
within which a micro-MMM is shown using
shaded rectangles.

2) Discussion: Table 2 lists the optimization parameters
relevant to optimizing for the memory hierarchy.®

It is intuitively obvious that the performance of the
generated mini-MMM code suffers if the values of the
optimization parameters in Table 2 are too small or too
large. For example, if My and Ny are too small, the
My Ny block of computation instructions might not be
large enough to hide the latency of the My Ny loads, and
performance suffers. On the other hand, if these param-
eters are too large, register spills will reduce performance.
The goal therefore is to determine optimal values of these
parameters for obtaining the best mini-MMM code.

B. Empirical Optimization in ATLAS CGw/s

ATLAS CGw/s performs a global search to determine
optimal values for the optimization parameters listed in
Table 2. In principle, the search space is unbounded
because most of the parameters, such as N, are integers.
Therefore, it is necessary to bound the search space using
parameters of the machine hardware; for example, My and
Ny, the dimensions of the register tile, must be less than
number of registers.

Since ATLAS is self-tuning, it does not require the user
to provide the values of such machine parameters; instead,
it runs simple microbenchmarks to determine approximate
values for these parameters. It then performs a global
search, using the machine parameter values to bound the
search space.

1) Measuring Machine Parameters: The machine param-
eters measured by ATLAS include, among others:

€ Cy: the size of L1 data cache;

€ Ng: the number of floating-point registers;

€ L, the latency of floating-point multiplication;

€ FMA: is there is a fused multiply—add operation?

The microbenchmarks used to measure these param-
eters are independent of matrix multiplication. For
example, the microbenchmark for estimating C; is similar
to the one discussed in Hennessy and Patterson [20].

®There are several other parameters used by the ATLAS Code
generator (FF, IF, and NF in Fig. 8) that impact software pipelining and
instruction scheduling. These are discussed in detail in [15].
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2) Global Search for Optimization Parameter Values: TO
find optimal values for the optimization parameters in
Table 2, ATLAS uses orthogonal line search, which finds an
approximation to the optimal value of a function
y .. f x1,x2,...,%, , an n-dimensional optimization prob-
lem, by solving a sequence of n one-dimensional optimi-
zation problems corresponding to each of the n
parameters. When optimizing the value of parameter x;,
it uses reference values for parameters x; 1,x; 2,...,%n,
which have not yet been optimized. Orthogonal range
search is an approximate method because it does not
necessarily find the optimal value even for a convex
function, but, with luck, it might come close.

To specify an orthogonal line search, it is necessary to
specify i) the order in which the parameters are optimized,
ii) the set of possible values considered during the
optimization of each parameter, and iii) the reference
value used for parameter k during the optimization of
parameters 1,2,... k1L

While ATLAS performs a search for numerous
optimization parameters, we focus on those involved
with the memory hierarchy: Ny, My and Ny. The
optimization sequence used in ATLAS is the following.

1) Find best N

In this step, ATLAS generates a number of mini-
MMMs for matrix sizes Ny N, where Nj is a
multiple of four that satisfies the following
inequality:

16 Nz min 80, pa . D

The reference values of My and Ny are set to the
values closest to each other that satisfy

My Ny My Ny Nz L. (2

For each matrix size, ATLAS tries two extreme
cases for KyV no unrolling Ky ..1 and full
unrolling Ky ... Np .
The Ng value that produces highest MFlops is
chosen as “best Ny value, and it is used from this
point on in all experiments as well as in the final
versions of the optimized mini-MMM code.

2) Find best MU NU, KU
This step is a straightforward search that refines
the reference values of My and Ny that were used
to find the best Np. ATLAS tries all possible
combinations of My and Ny that satisfy (2). Cases
when My or Ny is one are treated specially. A test
is performed to see if 1~ 9 unrollingor 9 1
unrolling is better than 3 3 unrolling. If not,
unrolling factors of the form 1 Uand U 1 for
values of U greater than three are not checked.



