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ABSTRACT
Model checking based on validating temporal logic formulas
has proven practical and effective for numerous software en-
gineering applications. As systems based on this approach
have become more mainstream, a need has arisen to deal
effectively with large batches of formulas over a common
model. Presently, most systems validate formulas one at a
time, with little or no interaction between validation of sep-
arate formulas. This is the case despite the fact that, for
a wide range of applications, a certain level of redundancy
between domain-related formulas can be anticipated.

This paper presents an optimizing compiler for batches
of temporal logic formulas. A component of the Carnauba
model checking system, this compiler addresses the need to
handle batches of temporal logic formulas by leveraging the
framework common to optimizing programming language
compilers. Just as traditional optimizing compilers attempt
to exploit redundancy and other solvable properties in a
program to reduce the demand on a runtime system, this
compiler exploits similar properties in groups of formulas to
reduce the demand on a model checking engine. Optimiza-
tions are performed via a set of distinct, interchangeable
optimization passes operating on a common intermediate
representation. The intermediate representation captures
the full modal mu-calculus, and the optimization techniques
are applicable to any temporal logic subsumed by that logic.
The compiler offers a unified framework for expressing some
well understood single-formula optimizations as well as nu-
merous inter-formula optimizations that capitalize on redun-
dancy, logical implication, and, optionally, model-specific
knowledge. It is capable of working either in place of, or
as a preprocessor for, other optimization algorithms. The
result is a system that, when applied to a potentially het-
erogeneous collection of formulas over a common problem
domain, is able to measurably reduce the time and space
requirements of the subsequent model checking engine.
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1. INTRODUCTION
Model checking systems that validate temporal logic for-

mulas with respect to a model are pervasive. These systems
have numerous applications to software engineering prob-
lems including code comprehension, verification, and bug-
finding. When presented with multiple formulas, most of
these systems process them individually in a serial fashion.
This is despite the fact that, for many problem domains,
batches of temporal formula queries are generated that share
some degree of commonality. For these systems, common-
ality can translate into redundant computation and storage
that can be expensive when the model is large. This sug-
gests a need for a preprocessing tool that can detect and
utilize this commonality to reduce the workload handed off
to the model checking engine.

This paper makes the following contributions. It explains
how a compiler framework can be used to organize an opti-
mization system for batches of temporal logic formulas. It
demonstrates how some core optimizations for logic formulas
can be partitioned and sequenced as independent optimiza-
tion routines. It illustrates how an intermediate language
can be used to unify optimization techniques for many prac-
tical logics. Finally, it presents experimental evidence that
such a system reduces the complexity of batches of formulas
useful for program analysis, and that this reduction trans-
lates into improved model checking performance that is or-
thogonal to any further improvement achieved by reducing
the state space over which the formulas are later checked.

The modern optimizing programming language compiler
provides an ideal paradigm for organizing a tool designed to
manipulate batches of temporal logic formulas. Optimizing
compilers work by translating a range of programming lan-
guages into a common intermediate language that is both
the input and output format for an interchangeable collec-
tion of optimization routines. In this framework, each rou-



tine performs a specific optimization within the intermediate
representation. Passes may interact by opening opportuni-
ties for others to make progress, but in general they do not
exchange information beyond that which is included in the
current incarnation of the program. Such an organization
provides maximum flexibility with minimal overhead.

This paper presents an optimizing compiler for temporal
logic formulas based on such a framework. The compiler can
handle formulas in any logic for which a front end can be sup-
plied to translate the logic into the modal mu-calculus [19].
Internally, the compiler manipulates mu-calculus formulas
in equation block form [6, 7] and uses an extended version
of this form as its intermediate representation. Optimization
then occurs over this logic language.

The optimizer is organized into eight independent, dy-
namically scheduled optimization routines. Each routine
performs a separate optimization designed to reduce the
complexity of the equation block system as measured by the
time and space required to subsequently resolve it. Many
of these optimizations mirror traditional programming lan-
guage optimizations. Each pass is capable of operating in
either a model-dependent or model-independent mode. In
the former, knowledge of the model is used to refine the
notion of equivalence among modalities and atomic propo-
sitions, and thus give a more complete result. In the lat-
ter, these constructs are treated as abstract sets and only
model-invariant equivalence and implication are detectable.
The model-dependent mode can also incorporate some ax-
iomatic knowledge of the successor relation into the opti-
mization process. These distinctions are transparent to the
individual passes. The result is a system in which generic
batches of queries can be optimized before a specific model
is supplied and then further refined afterwards.

The modal mu-calculus is an exponential-time decidable
logic [11]. This has been demonstrated by the existence
of both automata-theoretic [25] and automata-free [22] al-
gorithms. Despite these results, the goal of the optimizer
is not completeness. Rather, it is to provide a framework
for a tractable set of optimizations over potentially very
large query sets that take advantage of query boundaries
and, optionally, model-specific knowledge. Some of the op-
timizations test for sufficient though not necessary condi-
tions to perform certain reductions. These conditions can,
in some cases, be replaced by the aforementioned decidabil-
ity algorithms to provide a more complete, though signifi-
cantly more time-intensive, optimization. Numerous other
approaches to query optimization exist [15, 16, 17, 23]. Some
perform single query optimizations beyond what is demon-
strated in this paper. For applications for which these ad-
ditional optimizations are desirable, this framework can be
augmented with additional passes or, alternatively, could
be used as a preprocessing tool for performing certain opti-
mizations before passing to a system capable of performing
these additional, domain-specific optimizations. This idea
is discussed in more detail in the conclusion.

The compiler has been integrated into the Carnauba model
checking system [14], a system for model checking aspects
of C programs represented as unrestricted hierarchical state
machines [2]. These are collections of ordinary state ma-
chines organized to reflect the call and return structure of
imperative programs. Experiments with batches of queries
of the sort used in software verification show that an op-
timizing compiler framework is both effective and efficient

at reducing the total complexity of the workload passed to
the model checking engine. Further, the collection of passes
provided subsumes many logic-specific optimizations and re-
ductions. In some cases, the optimized forms have no pre-
image in the native logic from which they originated. This
indirectly eliminates the need for “extended operators” that
are sometimes used to represent these forms.

The remainder of this paper is organized as follows: Sec-
tion 2 discusses the details of the framework as well as in-
troduces the syntax and semantics of the intermediate rep-
resentation. In Section 3, the specific optimizations are enu-
merated and described. Section 4 presents empirical results
from applying the compiler to batches of formulas gener-
ated from several benchmark programs. In Section 5, ob-
servations, conclusions, and directions for future work are
discussed. Finally, Section 6 contains acknowledgments.

2. THE COMPILER FRAMEWORK
The framework of this compiler is designed to mirror that

of a modern programming language compiler [1]. It has
a well-defined intermediate language. A front end converts
batches of temporal logic formulas into the intermediate lan-
guage for optimization, while a back end converts code in the
intermediate language into a form that can be fed into the
Carnauba model checking engine. An external symbol table
records peripheral information from the front end transla-
tion and feeds this information on demand to the optimizer.
The optimizer, in turn, updates this information as trans-
formations are performed. These components are described
next. A full discussion of the routines and scheduling com-
prising the optimizer is left for Section 3.

2.1 Front End
The front end translates batches of temporal logic for-

mulas, expressed as lists of queries, into the intermediate
language. Each query consists of a minimum of two pieces
of information: a formula and a tag denoting its source logic.
The front end processes each query in turn, using the tag
to select the appropriate routine for translating the formula
into the modal mu-calculus, Lµ. Translations [9, 13] are
known for many logics that have proven to be useful for
model checking, including CTL [5], FCTL [12], CTL∗ [10],
and PDL-∆ [24]. Alternatively, queries can also be ex-
pressed in the raw mu-calculus. As the formulas inside the
queries are aggregated, hooks from the original queries to
the translations are added to the symbol table. In this way
a potentially heterogeneous batch of formulas is unified into
a single language.

Since the translation from some logics such as CTL∗, which
subsumes LTL, can require exponential time in the worst
case, the front end is augmented with a subsystem that re-
members the translation of query forms instantiated multi-
ple times over different choices of atomic propositions. When
a closed subexpression is repeated, the system is capable of
recalling the translation and simply inserting the current
atomic propositions.

Following unification, the queries are then translated and
merged into the intermediate language. Called equation
block form, this is the language over which the optimizer
operates. Equation block form is well-understood and can
be regarded as a factored representation of the mu-calculus
formulas in the same way that a pseudo-assembly language
program can be considered a factored representation of an



imperative program. Intuitively, each equation in a block
system can be regarded as a single logical operation and each
block in the system as the encapsulation of a single (possibly
trivial) fixed point computation. The translation from the
modal mu-calculus to the list of equations that comprise the
blocks is a straightforward, syntax-directed process [7]. The
equations are then partitioned into their respective blocks
as dictated by their interdependencies.

2.2 Intermediate Language
The structure of equation block form is described by the

following sequence of definitions.

Definition 1. Given V ar, a finite set of variables each
capable of representing a set of model states, AP , a set of
atomic propositions that is closed under negation, and Act,
a set of actions (or modalities) a simple formula, Φ, is an
expression of the form

Φ ::= p | X1 | X1 ∨ X2 | X1 ∧ X2 | 〈a〉X1 | [a]X1

where p ∈ AP , Xi ∈ V ar for i ∈ {1, 2}, and a ∈ Act.

For the remainder of this paper, variables defined by the
first form will be referred to as atomic-defined, variables of
the second form as variable-defined, variables of the third
and fourth forms as junction-defined, and variables of the
final two forms as modal-defined. Variables that appear in a
simple formula are said to be used by the formula.

Definition 2. An equation block has one of two types,
min〈E〉 or max〈E〉, where 〈E〉 is a non-empty list of equa-
tions,

〈X1 = Φ1, . . . , Xn = Φn〉,

each Xi is a distinct element of V ar, and each Φi is a simple
formula.

Over a collection of equation blocks in which no variable is
multiply defined, if an equation defines a variable Xi that is
used in the simple formula that defines Xj , then Xj depends
on Xi. If a chain of dependence occurs through zero or more
intermediate variables then Xj transitively depends on Xi.
Variables Xi and Xj are cyclically dependent if each tran-
sitively depends on the other. These notions extend in the
obvious way to describe types of dependence between equa-
tion blocks and will be crucial to describing the execution
of the various optimizations.

A variable is said to occur free in an equation block if
the variable is used by a formula of the block but is not
defined by any of the equations contained in the block. A
set of equation blocks is closed if every variable used by an
equation in the block set is defined by an equation in the
block set.

Definition 3. An equation block system, BV ar, is a
closed, ordered list of equation blocks,

〈B0, . . . , Bn〉,

in which every element of V ar is defined by precisely one
simple formula.

The index, I(X), of a variable, X, in an equation block
system is the index of the block in which it is defined. It is
assumed that the block order always respects the transitive

variable-wise dependence relation except where prohibited
by cyclic dependences. More precisely, if Xi depends on Xj ,
then I(Xj) ≤ I(Xi) unless Xj transitively depends on Xi.
If Xi and Xj are cyclically dependent then no relationship
between I(Xi) and I(Xj) can be enforced without changing
the semantics of the equation block system. This assump-
tion is never violated by the standard translation and will
be preserved throughout the optimization process. For the
remainder of this paper, this is referred to as the block order-
ing assumption. Explicitly stating this assumption makes it
easier to reason about the correctness of certain optimiza-
tions.

The semantics of an equation block system follow from
the semantics for mu-calculus formulas [7]. They can also
be inferred from the algorithm in Figure 1 that resolves an
equation block system over a Kripke structure [5]. This
figure will be referred to again in the next section when dis-
cussing how certain optimization passes work. Recall that
given a set, AP , of atomic propositions, a Kripke structure,
K, is a tuple, (S, R, L), where S is a (possibly infinite) set of
states, R ⊆ S×S is a transition relation, and L : S → 2AP is
a labeling function that associates with each state the set of
atomic propositions that are true in that state. For equation
block systems with multiple modalities, each modality, a, is
defined by a distinct transition relation, Ra. Hierarchical
state machines can be thought of as finite representations of
possibly infinite Kripke structures; in this case the seman-
tics are defined to be compatible with the Kripke structure
semantics over the full expansion. When the algorithm ter-
minates, each variable is bound to the set of states at which
the variable is valid. Termination is guaranteed by the ab-
sence of negation among the simple formulas and the block
ordering assumption, which ensures monotonicity.

From the semantics, it is evident that the evaluation of
a block can result in previous, dependent, blocks being re-
turned to the workset. This behavior occurs within strongly
connected components of blocks under the depends relation
and can continue until the component is fully evaluated.

The final index, F (X), of a variable, X, in an equation
block system is the maximal index among the set of blocks
that are cyclically dependent on the block defining X. In-
tuitively, once the block indexed F (X)+1 is reached by the
semantic algorithm, the set of states bound to X is finalized.
If a block is not cyclically dependent with any other block
besides itself then the block is referred to as a singleton.
Singletons are guaranteed to be processed exactly once by
the semantic algorithm.

Notice that an equation block system is not generally a
unique representation of a mu-calculus formula. In partic-
ular, blocks can sometimes be merged, partitioned, and re-
ordered without changing the semantics. Likewise, individ-
ual equations can often be simplified or re-expressed. The
optimizer will be seen to exploit these facts in Section 3.

Finally, notice that for some blocks, the block type does
not affect the semantics of the equation block system. If
Bi is a block and for each Bj , Bj depends on Bi implies
that i < j, then the initial values of the variables defined
in Bi are irrelevant to the semantics and the block is said
to have neutral type. Although not introduced by the stan-
dard translation, when this condition is discovered then al-
tering the block type acts as a hint to the optimizer that
certain, otherwise unsound, operations are permissible. Se-
mantically, these blocks can be treated as min type blocks.



1. Initialize a workset with the set of all blocks and bind each element of V ar according to its defining block type, max 7→ S, min 7→ ∅.

2. Remove the least indexed block, Bi, from the workset and process it as follows:

(a) Save the current bindings for each variable defined in the block.

(b) Update the bindings by iteratively solving the block equations until a fixed point is reached using the current bindings for
the variables that occur free in the block. Each equation X = Φ is evaluated as follows:

s ∈ X iff



























Φ = p ∈ AP and p ∈ L(s)
Φ = X1 and s ∈ X1

Φ = X1 ∨ X2 and s ∈ X1 ∪ X2

Φ = X1 ∧ X2 and s ∈ X1 ∩ X2

Φ = 〈a〉X1 and ∃t ∈ X1.Ra(s, t)
Φ = [a]X1 and ∀t ∈ S.Ra(s, t) → t ∈ X1

(c) For each k 6= i such that there is a variable defined in Bk that transitively depends on a variable defined in Bi whose binding
has changed from its saved binding (a), add Bk to the workset and if k < i reset each defined variable in Bk according to its
block type, max 7→ S, min 7→ ∅.

3. Repeat the previous step (2) until the workset is empty.

4. Return the variable bindings as the solution.

Figure 1: Algorithm for Resolving an Equation Block System, BV ar, against a Kripke Structure, K = (S, R, L)

2.3 Symbol Table
Intuitively, each variable defined in an equation block sys-

tem corresponds to some sub-expression of an original mu-
calculus formula. Likewise, each equation block system con-
tains one variable that corresponds to each entire formula.
It is this top variable whose validity is of primary concern —
the set of states ultimately bound to this variable is the set
of states for which that mu-calculus formula is valid. It is
in this sense that the mu-calculus and equation block form
are considered equivalent logics.

During the translation process, the equation block sys-
tems arising from a batch of formulas are concatenated into
a single list of equation blocks, with the variables from each
suitably renamed to ensure uniqueness and avoid conflicts.
Since each original formula is closed, this does not violate
the block ordering assumption. During the compilation pro-
cess the equation block system will be rearranged. A symbol
table is used to track information about each variable. The
information recorded for each variable consists of:

• Index • Final Index
• Defining Block Type • Defining Block a Singleton?
• Defining Formula • Top Variable?
• List of Uses • Index of Next Block

This information is initialized during the translation of
each formula and is updated throughout the compilation
process. Additionally, each top variable is bound to a sup-
plemental record containing information from the original
query, including its source logic. This information can also
include a textual description of the query, a list of parame-
ters, and possibly, instructions for post-processing. The list
of top variables is used throughout the compilation process
to decide what information it is necessary to retain in the
equation block system and what information it is safe to
discard. After compilation, information stored in the table
is used to generate additional execution instructions for the
model checking engine.

In the example of Figure 2, the zero-subscripted variables
are the top variables and each would be bound to a record
containing the original formula and logic type (CTL). As
an example, the initial symbol table entries for the variable

x4 would look like:

Field Value Field Value
Index 0 Final Index 0
Type min Singleton? true

Formula x5 ∧ x6 Top? false

Uses {x2} Next Index 1

2.4 Back End
The Carnauba model checking engine is capable of check-

ing raw equation blocks over unrestricted hierarchical state
machines, so only minimal additional back end translation
is required. Specifically, any cyclic dependencies among
the variable and junction-defined variables are eliminated.
While such cyclic dependences can occur as a consequence
of the standard translation, an equivalent system can always
be produced without these cyclic dependences [4]. Further,
the symbol table is used to generate a script instructing the
engine which variables to report and how to use the result
to determine for which variables to generate an example.

More sophisticated back ends are possible, including those
that produce specialized forms, such as Büchi automata.
While equation block form is more expressive than some
common temporal logics, many block patterns can be trans-
lated back into other logics. The ability to substitute opti-
mization passes that preserve these forms makes the frame-
work compatible with other model checking systems based
on specific logics, such at LTL. In this way, the framework
is compatible with other optimization techniques.

3. THE OPTIMIZER
The logic compiler optimizer is organized as a system of

independent optimization routines. As in a traditional com-
piler, each routine embodies a single optimization concept.
In fact, many of the optimizations applicable to equation
block systems are inspired by traditional programming lan-
guage optimizations. In this section, each of the eight basic
optimizations are outlined in some detail. This is followed
by a discussion of the pass scheduler. Finally, a comprehen-
sive example is presented to illustrate how the passes come
together to produce an effective result.



One novelty of this compiler is that it is capable of op-
erating in either a model-independent or model-dependent
mode. The choice of mode affects the operation of the
confluence and comparison operations over the modalities
and atomic propositions. In the model-independent mode,
modalities and atomic propositions are treated as abstract.
In this mode, the optimizer is restricted to the syntactic
notion of equality. Comparisons between distinct abstract
modalities or atomic propositions are always otherwise in-
conclusive. Union and intersection operations generate new
abstractions that embody information about how they were
constructed. In this way, equality and containment can still
be inferred if two abstract objects have appropriate con-
structions. This abstraction is augmented by the inclu-
sion of absolute constants. The atomic propositions trueand
falseare used to denote the full and empty set of model
states, respectively. The modality true , also denoted in the
syntax by the absence of an explicit modality, likewise refers
to the full set of model transitions. In the model-dependent
mode, comparisons between modalities or atomic proposi-
tions involve a complete inspection of the set of transitions
or states that are represented. The model-dependent mode
also records whether every model state has at least one suc-
cessor under the truemodality and uses this during the op-
timization process. This mode, therefore, subsumes the op-
timizations performed in the model-independent mode.

3.1 Optimization Routines
There are eight distinct optimization routines:

1. Dead Equation Elimination

2. Perform Generic Solve

3. Unify Atomic Propositions

4. Normalize Equation Block System

5. Remove Trivial Equations

6. Simplify Redundant Junctions

7. Sever Isomorphic Expressions

8. Perform Peephole Substitutions

The overarching goal of the optimization routines is to re-
duce the complexity of the equation block system without
altering its semantics. Complexity can be approximated by
the number of variables occurring in the system and their
formula type. Modal-defined variables tend to increase the
running time of a model checker; they drive the non-trivial
fixed point computations. Atomic-defined variables tend
to increase the space required. The optimizations are con-
structed so that the semantics of each variable is preserved,
including non-top variables, unless the variable is completely
eliminated from the system. In select cases, new variables
are added to the system to take the place of more complex
subsystems of variables. The optimizations are guaranteed
to retain each of the top variables in the system; the variables
corresponding to the original query formulas. Optimizations
that preserve the semantics of each of the top variables are
said to be correct. Finally, notice that the number of edges
in the depends relation is bounded above by twice the num-
ber of variables defined in the system. Therefore, all of the
complexity measures can be described in terms of numbers
of variables.

3.1.1 Dead Equation Elimination
This is a straightforward optimization based on dead code

elimination [18] in a traditional compiler. In a pass of this

routine, equations that do not contribute to the solution of
one or more of the top variables in the equation block system
are eliminated. This pass is used to sweep away parts of the
equation block system that have been found to be redundant
or unnecessary by other passes in the optimizer.

The optimization starts by marking the equations defin-
ing the top variables and proceeds by depth-first search along
the reverse of the depends relation. Equations that define
variables needed in the definition of the top variables are
ultimately marked. When the search terminates, any un-
marked equations are eliminated in place from the system.
A final sweep then eliminates any empty equation blocks
and updates the indexes stored in the symbol table. The
preservation of the semantics is guaranteed by the nature of
the depends relation; no variable that is transitively required
by the algorithm of Figure 1 in the evaluation of a top vari-
able is eliminated. This optimization does not disturb the
ordering of the remaining variables and requires time linear
in the number of variables.

3.1.2 Perform Generic Solve
This optimization is partially inspired by the notion of

constant propagation [26] for imperative programs. The
goal is to propagate inward the absolute atomic constants
while using them to simplify modal and junction formulas.
Additionally, variables defined entirely by atomic proposi-
tions with no intervening modal expressions are redefined
as atomic-defined variables via unions and intersections of
those atomic propositions. These are constructed explicitly
in the model-dependent case, while the operators work ab-
stractly in the model-independent case.

Propagation is accomplished by running the algorithm de-
scribed in Figure 1, but with the evaluation rules in step 2b
replaced with those of Figure 4. Under the new evaluation
rules, a value of zero (0) can be interpreted as “will never
know”. Similar to the third value in three-value logic, it de-
notes a variable whose solution cannot be simplified to an
atomic proposition without evaluating a non-trivial modal
expression. Essentially, these rules generate the most com-
plete solution available without knowing the precise transi-
tion relation of the model. The rules in the figure utilize the
assumption that every state has a successor under the true
modality. If this assumption is invalid or cannot be deter-
mined, then the pass proceeds by using the rules for other
modalities even in the a = true case.

When the generic solve terminates the non-zero bindings
are used to transform the equation block system. Variables
are considered in order of increasing index. For a variable,
X, defined in a singleton block found to have non-zero bind-
ing p, if p = true then equations of the form Z = X ∧ Y

become Z = Y . If p = false then equations of the form
Z = X ∨ Y become Z = Y . Finally, the equation defining
X becomes X = p. For variables defined in non-singleton
blocks, the junction transformations are restricted to cases
where F (X) < I(Z). Also, instead of redefining X at its cur-
rent index, a new neutral type block with index F (X) + 1
is created containing the single equation X = p. Every in-
stance of X in Bk, k ≤ F (X) in then converted to a new
variable name. The symbol table entries for indexes, formu-
las, and uses are updated as each variable is considered.

The correctness of this optimization follows from the eval-
uation rules used for this routine that guarantee that the
final binding of each variable is either its actual solution or



[Query 1] CTL : EX EF p 7→ x0 in

min { x0 = 3x1 x1 = x2 x2 = x3 ∨ x4 x3 = p x4 = x5 ∧ x6 x5 = true x6 = 3x1 }

[Query 2] CTL : EX EF EF p 7→ z0 in

min { z0 = 3z1 z1 = z2 z2 = z3 ∨ z9 z3 = z4 z4 = z5 ∨ z6 z5 = p z6 = z7 ∧ z8
z7 = true z8 = 3z3 z9 = z10 ∧ z11 z10 = true z11 = 3z1 }

[Pass 1] Perform Generic Solve: x4 7→ x6, z6 7→ z8, and z9 7→ z11

min { x0 = 3x1 x1 = x2 x2 = x3 ∨ x4 x3 = p x4 = x6 x5 = true x6 = 3x1 }
min { z0 = 3z1 z1 = z2 z2 = z3 ∨ z9 z3 = z4 z4 = z5 ∨ z6 z5 = p z6 = z8 z7 = true

z8 = 3z3 z9 = z11 z10 = true z11 = 3z1 }

[Pass 2] Dead Equation Elimination: {x5, z7, z10} eliminated

min { x0 = 3x1 x1 = x2 x2 = x3 ∨ x4 x3 = p x4 = x6 x6 = 3x1 }
min { z0 = 3z1 z1 = z2 z2 = z3 ∨ z9 z3 = z4 z4 = z5 ∨ z6 z5 = p z6 = z8

z8 = 3z3 z9 = z11 z11 = 3z1 }

[Pass 3] Unify Atomic Propositions: {x3, z5} 7→ x3

min { x0 = 3x1 x1 = x2 x2 = x3 ∨ x4 x3 = p x4 = x6 x6 = 3x1 }
min { z0 = 3z1 z1 = z2 z2 = z3 ∨ z9 z3 = z4 z4 = z5 ∨ z6 z5 = x3 z6 = z8

z8 = 3z3 z9 = z11 z11 = 3z1 }

[Pass 4] Normalize Equation Block System

neutral { x3 = p } min { x1 = x2 x2 = x3 ∨ x4 x4 = x6 x6 = 3x1 }
neutral { z5 = x3 } min { z3 = z4 z4 = z5 ∨ z6 z6 = z8 z8 = 3z3 }
min { z1 = z2 z2 = z3 ∨ z9 z9 = z11 z11 = 3z1 }
neutral { x0 = 3x1 } neutral { z0 = 3z1 }

[Pass 5] Remove Trivial Equations: {x1, x4, z1, z3, z5, z6, z9} trivially defined

neutral { x3 = p } min { x2 = x3 ∨ x6 x6 = 3x2 }
min { z4 = x3 ∨ z8 z8 = 3z4 } min { z2 = z4 ∨ z11 z11 = 3z2 }
neutral { x0 = 3x2 } neutral { z0 = 3z2 }

[Pass 6] Simplify Redundant Junctions: z11 → z4 so z2 = z4 ∨ z11 7→ z2 = z4

neutral { x3 = p } min { x2 = x3 ∨ x6 x6 = 3x2 }
min { z4 = x3 ∨ z8 z8 = 3z4 } min { z2 = z4 z11 = 3z2 }
neutral { x0 = 3x2 } neutral { z0 = 3z2 }

[Pass 7] Dead Equation Elimination: {z11} eliminated,
[Pass 8] Normalize Equation Block System,

[Pass 9] Remove Trivial Equations: {z2} trivially defined

neutral { x3 = p } min { x2 = x3 ∨ x6 x6 = 3x2 }
min { z4 = x3 ∨ z8 z8 = 3z4 }
neutral { x0 = 3x2 } neutral { z0 = 3z4 }

[Pass 10] Sever Isomorphic Expressions: {x0, z0, x6, z8} 7→ x6

neutral { x3 = p } min { x2 = x3 ∨ x6 x6 = 3x2 }
min { z4 = x3 ∨ z8 z8 = x6 }
neutral { x0 = x6 } neutral { z0 = x6 }

[Pass 11] Dead Equation Elimination: {z4, z8} eliminated,
[Pass 12] Normalize Equation Block System,

[Pass 13] Remove Trivial Equations: {x0, z0} trivially defined

neutral { x3 = p } min { x2 = x3 ∨ x0 x0 = 3x2 }
neutral { z0 = x0 }

Figure 2: Sequence of Optimization Passes on a Two-Query Batch Example

Pass Possibly Reschedules
DEE PGS UAP NEBS RTE SRJ SIE PPS

DEE
PGS • • • • • • •
UAP
NEBS
RTE
SRJ • • • • • • •
SIE • • •
PPS • • •

Figure 3: Interdependencies between Optimization Passes



Binary Operators
∨ true false q 0 ∧ true false q 0
true true true true true true true false q 0
false true false q 0 false false false false false
p true p p ∪ q 0 p p false p ∩ q 0
0 true 0 0 0 0 0 false 0 0

Atomic Propositions, Variables, & Unary Operators
X q X 3X 〈a〉X 2X [a]X
true q true true 0 true true
false q false false false false 0
p q p 0 0 0 0
0 q 0 0 0 0 0

Assume that a 6= true.

Figure 4: Evaluation Tables for Equation Forms in Generic Solve

zero. Only those variables solved to non-zero values have
their expressions replaced in the system and only at the
point at which their value may be considered finalized. Since
no cyclic dependence is destroyed and no reordering takes
place, the block ordering assumption is also preserved. For
any fixed alternation depth, d, each variable needs to be up-
dated at most 3d times. Hence, the running time is linear in
the number of variables for any bounded alternation depth.

3.1.3 Unify Atomic Propositions
In this optimization, an equivalence relation is constructed

among the atomic-defined variables in the equation block
system using the notion of atomic proposition equivalence
directed by the optimization mode. For each non-trivial
equivalence class in this relation, the variable with the least
index becomes the class representative. In the event of a
draw, a representative is chosen arbitrarily from among the
set of least indexed variables. Each other variable in the
equivalence class is then redefined in its current block as the
class representative. The symbol table entries are updated
for each variable in the equivalence class. When this pass
terminates, each atomic proposition in the system is unique
with respect to the predetermined notion of equivalence.

The correctness of this optimization follows from the choice
of the least-indexed member of each equivalence class as
the class representative. Atomic-defined variables cannot be
part of a cyclic dependence. By the block ordering assump-
tion they can be considered finalized before they are ever
used. The least indexed member of an equivalence class can
then be considered finalized before any of the new variable
equations are evaluated. Thus, the semantics of the system
are preserved.

The purpose of this optimization is three-fold. First, it
minimizes the number of distinct atomic propositions that
occur in the equation block system. For a model checker,
this reduces the number of distinct sets of model states that
must be manipulated. Second, although it does not reduce
the number of variables in the system, it does introduce
trivial equations that subsequent passes can eliminate, thus
reducing the size of the equation block system. Finally,
it eliminates the need for any further comparisons among
the atomic-defined variables. In the model-dependent case,
these comparisons can be non-trivial, and performing them
all in a single pass allows subsequent passes to require only
the trivial notion of syntactic equality as the test in either
optimization mode. The performance of this optimization is
bounded by the time to create the equivalence relation. In
the worst case, where there are no equivalences, the num-

ber of required comparisons is quadratic in the number of
atomic-defined variables.

3.1.4 Normalize Equation Block System
This routine does not perform any specific optimization.

Rather, it transforms the equation block system into a form
that both facilitates other optimizations as well as makes
model checking more efficient. First, it repartitions the in-
dividual equations to make the equation blocks as small as
possible, while at the same time minimizing the number of
times the semantic algorithm of Figure 1 would need to re-
process any particular block. Second, it identifies blocks
whose type can be changed to neutral. This designation
speeds up subsequent optimization and provides a possible
hint to the model checking engine that the block specified
fixed point can be computed directly without iteration.

This optimization again relies heavily on the depends re-
lation. First, the existing equation blocks are dissolved in
place to a list of equations, each tagged with their original
block type and index. This list of equations is then parti-
tioned into a topologically sorted list of strongly connected
components via the depends relation. Within each compo-
nent, the equations are partitioned again by their nesting
depth; the maximal number of type alternations that occur
on a simple dependence cycle consisting only of equations
at or below the tagged index of the equation. The classes
are ordered from least to greatest and each is then parti-
tioned a final time into a topologically sorted list of strongly
connected components using the same depends relation re-
stricted to the equivalence class. These components, which
must consist of equations all of the same type, are the blocks.
Neutral blocks are identified during this final partitioning.
The blocks are then concatenated together, in order, and
the symbol table is reconstructed. Computing the strongly
connected components requires O(n log n) time in the num-
ber of variables. Computing the nesting depths requires
quadratic time over the variables in each component.

3.1.5 Remove Trivial Equations
A trivial equation is a variable-defined equation that is

unnecessary to the semantics of the equation block system.
Trivial equations occur as a natural by-product of the trans-
lation to equation block form as well as from other optimiza-
tions. For example, recall that Unify Atomic Propositions
replaces redundant atomic propositions with trivial equa-
tions. This optimization seeks to remove these equations by
unifying both sides of the equation into a single variable.

Processing occurs by examining each equation in each



Source Pattern: s0 is semantically equivalent to CT L : A[P U Q].

neutral { s3 = P } neutral { s4 = Q }
max { s1 = s3 ∧ s5 s5 = s4 ∨ s6 s6 = 2s1 }
min { s2 = s4 ∨ s7 s2 = 2s2 } neutral { s0 = s1 ∧ s2 }

Target Pattern: t0 is semantically equivalent to s0.

neutral { t1 = Q } neutral { t3 = P }
min { t0 = t1 ∨ t2 t2 = t3 ∧ t4 t4 = 2t0 }

Original Code: z0 is semantically equivalent to CT L : A[(AG W )U (AG X)].

neutral { z8 = W } neutral { z10 = X }
max { z3 = z8 ∧ z9 z9 = 2z3 } max { z4 = z10 ∧ z11 z11 = 2z4 }
max { z1 = z3 ∧ z5 z5 = z4 ∨ z6 z6 = 2z1 }
min { z2 = z4 ∨ z7 z7 = 2z2 } neutral { z0 = z1 ∧ z2 }

Optimized Code: Pattern matches s0 ∼= z0 ∼= t0, s3 ∼= z3 ∼= t3, and s4 ∼= z4 ∼= t1.

neutral { z8 = W } neutral { z10 = X }
max { z3 = z8 ∧ z9 z9 = 2z3 } max { z4 = z10 ∧ z11 z11 = 2z4 }
min { t0 = t1 ∨ t2 t1 = z4 t2 = t3 ∧ t4 t3 = z3 t4 = 2t0 }
max { z1 = z3 ∧ z5 z5 = z4 ∨ z6 z6 = 2z1 }
min { z2 = z4 ∨ z7 z7 = 2z2 } neutral { z0 = t0 }

Dead Code Eliminated: {z1, z2, z5, z6, z7} eliminated

neutral { z8 = W } neutral { z10 = X }
max { z3 = z8 ∧ z9 z9 = 2z3 } max { z4 = z10 ∧ z11 z11 = 2z4 }
min { t0 = t1 ∨ t2 t1 = z4 t2 = t3 ∧ t4 t3 = z3 t4 = 2t0 }
neutral { z0 = t0 }

Figure 5: Example of Perform Peephole Substitutions

block, in order. Specifically, a trivial equation is defined
to be an equation of the form X = Y in which X does not
occur free in any Bk with k < I(X). In these cases, the
equation is removed and every use of X is converted to a
use of Y . In the event that an equation of the form X = X

is created, then this is replaced by the equation X = p where
p = true if the block has type max and p = false otherwise.
If X is a top variable and Y is not, then X is substituted for
Y throughout the entire equation block system. If both X
and Y are top variables, then a new neutral block consisting
of the single equation, X = Y , is appended to the end of the
equation block system. This ensures that each top variable
is preserved in the system.

Correctness is ensured by the restrictions placed on the
variable equations that can be eliminated. Only those vari-
ables whose initial value is never required have their trivial
equation eliminated. Hence, the semantics of the system is
preserved. It is straightforward to check that this optimiza-
tion cannot violate the block ordering assumption. This
optimization requires linear time.

3.1.6 Simplify Redundant Junctions
This optimization examines each junction equation to de-

termine if there is an implication relationship between the
two operands that holds each time the equation is evaluated.
If such an implication relationship exists, it can be used to
simplify the formula to either a single operand or an abso-
lute atomic constant. The tests and simplifications for each
junction form are as follows:

Equation Test Always? Reduction

Z = X ∨ Y X → Y Z = Y
Y → X Z = X
¬X → Y Z = true

Z = X ∧ Y X → Y Z = X
Y → X Z = Y
X → ¬Y Z = false

Each test involves attempting to prove by induction that

the implication rule between the two variables holds univer-
sally. This requires testing both the base case (first invo-
cation) and using this as an inductive hypothesis for test-
ing each subsequent invocation initiated by the fixed point
semantics. To accomplish this, both variables used in the
junction formula are first expanded into a DNF expression in
which atomic propositions, modal expressions, and higher-
indexed variables make up the terminals. The proof then
proceeds by trying to satisfy a sufficient (though not nec-
essary) condition for the implication of one DNF form by
another. Specifically, DNF expression E1 implies E2 if for
every conjunctive clause, Ci in E1 there exists Cj in E2 such
that Ci → Cj . Likewise, Ci → Cj if for every atom al in
Cj there exists ak in Ci such that ak → al. The proof pro-
ceeds by recursive descent. Atomic proposition p implies q if
p ⊆ q. Modal expression [a]X implies [b]Y if the expressions
are from the same block type, a ⊆ b, and X recursively im-
plies Y . The base test substitutes the initial values for the
terminals while the recursive test carries the previous test
as an assumption. The process terminates when an impli-
cation is found or when every possible matching has been
exhausted. Any test on the formula defining X that would
result in the elimination of a use of variable Y fails trivially
if I(Y ) < I(X) ≤ F (Y ). A quick inspection of the DNF
forms for mismatched modalities or atomic propositions be-
fore testing precludes most failing tests.

This test is a sufficient, though not necessary, condition to
prove that the appropriate implication is a tautology. Since
this optimization can remove uses of some variables, it can
potentially result in dead variables that can removed by sub-
sequent passes of Dead Equation Elimination.

The trivial failure test precludes eliminating any depen-
dence that would violate the block ordering assumption.
The correctness of this optimization follows form the fact
that the implication holds each time the junction formula is
evaluated. As a result, the simplifications do not change the
value derived by the formula for any evaluation and hence do
not change the semantics of the equation block system. The
performance of this optimization is bounded by the time to



perform the tests. In the worst case, the test used in this
implementation is quadratic in the number of variables on
which the junction operands transitively depend.

3.1.7 Sever Isomorphic Expressions
This optimization builds equivalence classes by identify-

ing pairs of isomorphic variables in the system. Isomorphic
variables are variables that are provably equivalent at the
termination of the semantic algorithm. Given these equiv-
alence classes, the variable X with the least F (X) in the
class becomes the representative. Each other singleton, Y ,
in the class is redefined, in place, by the variable equation,
Y = X. For other members of the class, Z, a new neutral
block is created at index F (Z)+1 with the equation Z = X

and every instance of Z in a block Bk with k ≤ F (Z) is re-
named to a new name. The result is that equations defining
an isomorphic copy of an expression become “severed” as
there are no longer any uses. Dead Equation Elimination is
then able to discard these equations. The symbol table is
updated as each equation is modified or created.

Equivalence is determined using an implication proof tech-
nique similar to the one used in Simplify Redundant Junc-
tions. In this case X ∼= Y ↔ (X → Y ) ∧ (Y → X). The
complexity of this optimization comes from the need to de-
termine which variable pairs to test. To achieve a maximal
result, it is unnecessary to find every isomorphism that ex-
ists; one isomorphism can result in the elimination of several
variables with isomorphic partners. Testing for these iso-
morphic partners would be redundant. Further, it is com-
putationally infeasible to test for an isomorphism between
every pair of variables. To minimize the number of tests,
a signature is computed for each variable consisting of the
atomic propositions and modal operators on which the vari-
able transitively depends. This signature is intended to be a
compelling precondition for equivalence. The signature can
be computed quickly and only variables with the same sig-
nature need to be compared. As each new variable is added
to the equivalence relation within a particular signature, it
is only tested against one representative for each class so
far identified within that signature. Further, to prevent re-
dundant testing, tests are restricted to the top variables and
variables used at an index strictly greater than their own
index. From these equivalence classes, equivalences between
the remaining variables are restricted to structural isomor-
phism. For instance, if X = [a]W , Z = [a]Y , and it was
found that W ∼= Y , then X ∼= Z.

The correctness of the optimization follows from the re-
striction that a variable can only be redefined to an equiva-
lent variable that is immutable before the first evaluation of
the replacement formula. In essence, this replaces the vari-
able with its solution which does not change the semantics
of the equation block system. The running time is depen-
dent on the number of tests that must be performed. In
the worst case, this is quadratic in the number of variables
within each signature.

3.1.8 Perform Peephole Substitutions
This is an optional optimization inspired by the notion

of peephole optimizers for low level machine code [20]. The
preceding passes break the problem of reducing the complex-
ity of an equation block system into the execution of small,
semantics-preserving transformations. However, cases can
arise in practice when an equation pattern is present for

which there exists a simpler equivalent pattern, but for which
there does not exists a simple sequence of transformations
taking the more complex pattern to the simpler one. This
routine fills the need to perform this transformation by pro-
viding a library of “large scale” translation rules.

The peephole analysis works by comparing variables to
entries in a library of pattern transformations in an attempt
to find a syntactic equivalence. When such an equivalence is
found the variable is redefined as the top variable in a corre-
sponding target pattern. The closed expression variables of
the target pattern are then instantiated based on the syn-
tactic equivalence with the source pattern. The necessary
variables for the target pattern are added to the equation
block system so as not to conflict with any existing vari-
able names. The intent is that a subsequent pass of Dead
Equation Elimination will sweep the variables of the original
source pattern from the system. Figure 5 shows an example
of a peephole optimization that could not be performed by
any combination of the preceding passes.

Finally, while it is true that an entire optimization sys-
tem could be based around the application of a library of
reduction rules, such a system would be inefficient. The in-
tent of this pass is not to perform simple optimizations but
rather to provide a tool within the framework for performing
certain domain-specific, monolithic transformations.

3.2 Dynamic Scheduler
As in any optimizing compiler, the sequencing of the passes

is crucial to efficiency of the system. Rather than using a
fixed optimization sequence, the logic compiler uses a dy-
namic pass scheduler within the static optimization order
introduced at the outset of this section. Each optimization
routine has an associated flag to indicate if it is scheduled
to run. At each iteration, the first optimization in the fixed
order that is flagged is executed. When a pass performs
a transformation that may open an opportunity for another
optimization to make progress, it simply sets the flag for the
corresponding routine. A fixed order for the routines was
chosen so that later routines could be accelerated by mak-
ing assumptions that earlier ones had run. For example, the
comparison of signatures in Sever Isomorphic Expressions
is accelerated by the unification of the atomic propositions
in Unify Atomic Propositions. If earlier optimizations are
omitted then the later optimizations are still correct; they
are just somewhat less effective.

When the optimizer starts, the flag for each routine is
set with the exception of the flag for Dead Equation Elim-
ination. Since this is the first optimization in the order,
and since the native translation never produces equations
that are initially dead, an initial pass of this optimization
is unnecessary. Dead Equation Elimination, Unify Atomic
Propositions, Normalize Equation Block System, and Re-
move Trivial Equations are essentially cleanup routines and
never schedule any additional optimization. The remaining
four optimizations set the flag of one or more of the remain-
ing routines whenever they make progress. Figure 3 shows
the scheduling interdependencies of the eight optimizations.

3.3 A Comprehensive Example
A complete example of the execution of the optimizer is

provided in Figure 2. In the example, two related but inde-
pendent CTL formulas are translated into a single equation
block system and optimized. The first query, translated into



the x-subscripted variables, should be read: “There exists a
successor such that there exists a path where in the future p
holds”. The second query, translated into the z-subscripted
variables, should likewise be read: “There exists a succes-
sor such that there exists a path where in the future there
exists a path where in the future p holds”. Intuitively, the
two queries are equivalent; if in the future it is the case that
something will hold in the future then it is the case that
something will hold in the future. The second query uses
a redundant EF operator. These queries were chosen to
provide a small example that would provide grist to each of
the active optimization passes. For this example Perform
Peephole Substitutions has been turned off; an example of
its execution is provided separately in Figure 5.

The queries in the example are translated into equation
block form using the standard translations for CTL and the
modal mu-calculus. Here, both queries use the same syntac-
tic atomic proposition, so the compiler generates the same
output in both the model-dependent and model-independent
modes. The variables x0 and z0 are the top variables in this
case. The final neutral block in the output is required to
ensure that both of these variables remain in the system.
Notice that the optimizer not only finds the equivalence be-
tween the two queries, but that it significantly optimizes
the first query as well. In fact, for the first query there is
no equivalent CTL expression that translates into a block
form under the standard translation with only one modal
expression. The factored intermediate representation ad-
mits an optimization that is impossible at the CTL source
level. Some other systems compensate for this by introduc-
ing extended operators into the native logic that are then
interpreted as this optimized form. It is self-evident that
the optimized equation block system would place apprecia-
bly less demand on a model checking engine than the unop-
timized version and that this reduction would be orthogonal
to any reduction achieved by reducing the state space of the
model over which the resulting equation block system were
checked. Since both the optimized and unoptimized versions
of the queries can be resolved in time linear in the size of the
model, the reduction in model checking time as a percent-
age is invariant in the size of the model. Experimentally,
the optimized version requires less than 30% of the running
time of the unoptimized version over a fixed model.

4. EXPERIMENTAL RESULTS
Testing the efficacy of the logic compiler was done by ap-

plying it to batches of queries automatically generated from
several benchmark programs. Generation of a query batch
for each program was done by instantiating a collection of
twelve query templates, one at a time, over a set of appro-
priate program elements. Query templates are Carnauba’s
way of abstracting common query patterns away from the
specific atomic propositions to which they are applied and
the temporal logic used to implement them. In the experi-
ment, templates were chosen to produce a uniform, domain
non-specific, set of queries of the same sort that would be rel-
evant to program verification for any C program. The twelve
templates used, and the program elements over which they
were instantiated, are described in Figure 6.

The atomic propositions for each query were generated us-
ing Carnauba’s system for abstract interpretation to deter-
mine when a variable is defined, used, dereferenced, tested,
etc. This abstract interpretation is based upon a pointer

analysis [21] and accompanying alias analysis that can track
effects through intervening variables. Restricting the instan-
tiation to the global variables allowed for the generation
of reasonably-sized batches of queries with a diverse collec-
tion of atomic propositions. It should be noted that not all
queries were applicable to all of the variables or programs
to which they were applied. No effort was made to prevent
the inclusion of useless queries; it was left to the optimizer
to detect and eliminate them.

The compiler is implemented entirely in STk Scheme. It is
part of the Carnauba model checking system, developed as
a plug-in to GrammaTech’s CodeSurfer� [8] program anal-
ysis product. All of the codes are C programs taken form
the SPEC95 and SPEC2000 benchmark suites. The per-
formance results are presented in Figure 7. All of the re-
sults were generated by running the compiler in its model-
dependent mode with the optional peephole optimization
routine disabled.

The results are organized as follows: The first two columns
give the name of the program and the number of queries
that were generated for it. Vars refers to the number of
variables in the equation block system. Atomic and Modal
give the number of atomic- and modal-defined variables in
the system. The CPU running time of the optimizer is pre-
sented in seconds under Time. The total number of op-
timization passes run and the percentage running-time re-
duction achieved for the Carnauba model checking system
are given in the final two columns. The performance num-
bers were generated using a 2.0 GHz Pentium 4 PC with 1.0
GB of RAM running CodeSurfer 1.9p2 for Windows XP.

The results show that the optimizer was effective at re-
ducing the size of the equation block system. In the exper-
iments, queries originating from three distinct source logics
were merged into the common intermediate representation.
In each of the dozen examples, the optimizer reduced both
the total number of modal-defined variables (which largely
govern the running time) and the number of distinct atomic
propositions (which has implications on the space require-
ment). In all cases, the reduced model checking time signif-
icantly exceeded the compilation overhead.

In addition to picking up common sub-expressions within
the query batch, the optimizer also eliminated the irrelevant
sub-expressions. For example, if a particular pointer vari-
able in a benchmark was never used to store the result of
a malloc, as is common, then the malloc and free atomic
propositions for the variable would be equivalent to false.
In this case, Perform Generic Solve would use this to essen-
tially reduce the expressions based on these atomic propo-
sitions to an atomic constant. In this way the optimizer
automatically “cleans-up” irrelevant query sub-expressions
without burdening the model checker. This accounts for the
larger reduction for the more pointer-based codes. The abil-
ity to propagate atomic propositions that are trivial when
applied to a specific model is the most significant distinc-
tion between the performance of the model-dependent and
model-independent modes.

In practice, the most time intensive optimization was Unify
Atomic Propositions, which is the only routine whose run-
ning time is quadratic in the full set of variables. For the
three largest benchmarks, this optimization accounted for
more than a third of the running time of the compiler.

This system has also been applied to batches of domain
specific queries. In one example, a program linked against



Name Logic Description Atomic Propositions

Instantiated over each global variable v

use-before-define CTL ∃ a path where v is used before it is defined? D(v), U(v)

never-defined CTL ∃ a path where v is declared but never defined? L(v), A(v)

never-used CTL ∃ a path where v is defined but never used? D(v), U(v)

kill-before-use CTL ∃ a path where a definition of v is killed before it is used? D(v), U(v)

Instantiated over each global pointer variable p

never-free FCTL ∃ a path where p is malloc’d and never free’d before termination? M(p), F(p)

illegal-free CTL ∃ a path where p is free’d without having been malloc’d? M(p), F(p)

double-free CTL ∃ a path where p is free’d twice without being malloc’d in between? M(p), F(p)

double-malloc CTL ∃ a path where p is malloc’d twice without being free’d in between? M(p), F(p)

null-dereference Lµ ∃ a path where p is dereferenced after being assigned zero? Z(p), D(p), R(p)

false-dereference Lµ ∃ a path where p is dereferenced after being tested zero? D(p), T(p), N(p), R(p)

unneeded-test Lµ ∃ an unneeded test of p being null? D(p), T(p), N(p), R(p)

Instantiated once per program

unseeded-random CTL Is a possibly unseeded random number generated? rand, srand

D = must define, A = may define, U = may use, L = declaration, M = must malloc, F = may free, R = may dereference,
Z = must define zero, T = test zero, N = test non-zero, rand = call to rand(), srand = call to srand(unsigned)

Figure 6: Query Templates used to Generate Test Batches

Benchmark Unoptimized Optimized Statistics

Code Queries Vars Atomic Modal Vars Atomic Modal Time (s) Passes Red (%)

188.ammp 251 4382 1589 545 678 97 157 0.9 12 74.4

179.art 163 2702 975 337 682 112 195 0.4 19 47.4

256.bzip2 306 5075 1831 633 1089 200 288 1.1 12 59.1

129.compress 155 2506 902 313 666 128 189 0.7 19 45.2

183.equake 338 5723 2069 713 1095 147 297 1.5 12 62.2

099.go 1146 18379 6607 2297 4174 923 1127 15.6 12 55.8

164.gzip 395 6482 2336 809 1540 261 434 1.6 12 51.4

132.ijpeg 258 4171 1501 521 977 161 268 2.8 19 53.0

124.m88ksim 1659 27454 9901 3425 5045 848 1234 29.9 19 67.4

197.parser 325 5396 1947 673 1342 261 365 2.2 19 51.5

300.twolf 1608 26893 9709 3353 7302 1167 2112 65.1 19 42.6

175.vpr 344 5853 2117 729 1101 172 278 2.0 12 65.8

Totals 6948 115016 41484 14348 25691 4477 6944 123.8 186 56.2

Figure 7: Results of the Optimizing Compiler on the Test Batches

a particular library was checked against a batch of queries
designed to ensure that the library was used correctly. The
batch was specific to the library, not the program, so there
were irrelevant queries pertaining to unused functions in the
library. Since the queries spanned a relatively small number
of atomic propositions, there was also a noticeable level of
redundancy in the sub-expressions. The compiler detected
these conditions and the result was a similarly significant
reduction in the complexity of the query batch.

5. CONCLUSIONS
This paper has presented an optimizing compiler for

batches of temporal logic formulas that is effective at sig-
nificantly reducing their total complexity. This has been
demonstrated by applying the compiler to batches of queries
generated from actual benchmark programs that are of the
sort used by program verification systems. The reduction in
the demand the reduced systems place on a model checking
engine has been shown to more than justify the compilation
time. This reduction is completely orthogonal to any subse-
quent reduction achieved by reducing the size of the model.
This approach is also applicable to “on the fly” methods [3]
that produce a product automaton between the model and
the query. The optimizations presented in this paper are
only a subset of those that are possible within this frame-
work. The compiler is capable of either working in conjunc-
tion with, or in place of, other optimization systems.

Beyond the empirical results, this paper also demonstrated
that a compiler-based framework is a rational alternative
way to organize a system for optimizing temporal logic for-
mulas. As with any optimizing compiler, this compiler is
useful because it transfers responsibility for optimization
away from the programmer. This transfer makes it feasi-
ble to automatically generate and check large query sets

without regard to the specific applicability of each query to
the given program. A core set of useful optimizations was
reduced to a small number of routines, many operating by
simple rules with programming language analogs. The use
of a global symbol table allows knowledge of query and com-
ponent boundaries to be used to speed up the optimization
process in ways that are unavailable to optimization systems
that only consider raw logical expressions. By using a well-
defined intermediate language, commonality can be found
among even a heterogeneous collection of formulas. Fur-
ther, by employing a representation that factors formulas in
the same way as an assembly language factors imperative
programs, optimizations become permissible that were not
possible in the source logic.

Many other approaches to reducing the complexity of tem-
poral logic formulas exist. Some of the most popular involve
the construction of Büchi automata [15, 16, 17, 23]. These
approaches concentrate on LTL optimization, which encom-
passes only a subset of the full modal mu-calculus. Further,
these are again single query optimizations that do not take
any special advantage of the redundancy present in query
batches over a common domain. Finally, since they pro-
duce a specialized type of automata, they are tied to model
checking engines that utilize that format. However, in some
cases, these approaches are capable of performing optimiza-
tions beyond those that have been presented in this paper.
For those applications, the analogy with programming lan-
guage compilers could be extended further by considering
equation block systems and Büchi automata as high and
low intermediate forms each allowing a disjoint set of op-
timizations. In this way, the framework presented in the
paper could be seen to work with, rather than in place of,
these alternate approaches.

The next step in the development of this compiler is to



include optimization routines that take advantage of tech-
niques to reduce the complexity of the model used for model
checking. As mentioned before, optimizations that reduce
the complexity of the model provide performance gains that
are orthogonal to the gains made by reducing the query
size. However, many model reduction techniques work by
performing slicing or dependence analysis on the states of
the model. These dependences are driven by the states that
are included amongst the atomic propositions of the queries.
How batches of queries should be partitioned to produce an
optimal set of small models is an open problem. A pass
to perform a partitioning based upon query coverage in the
model could easily be integrated into this framework.
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