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Summary. Data and computation alignment is an important part of compiling
sequential programs to architectures with non-uniform memory access times. In
this paper, we show that elementary matrix methods can be used to determine
communication-free alignment of code and data. We also solve the problem of
replicating data to eliminate communication. Our matrix-based approach leads to
algorithms which work well for a variety of applications, and which are simpler and
faster than other matrix-based algorithms in the literature.

1. Introduction

A key problem in generating code for non-uniform memory access (NUMA)
parallel machines is data and computation placement — that is, determining
what work each processor must do, and what data must reside in each local
memory. The goal of placement is to exploit parallelism by spreading the
work across the processors, and to exploit locality by spreading data so that
memory accesses are local whenever possible. The problem of determining a
good placement for a program is usually solved in two phases called align-
ment and distribution. The alignment phase maps data and computations to
a set of virtual processors organized as a Cartesian grid of some dimension
(a template in HPF Fortran terminology). The distribution phase folds the
virtual processors into the physical processors. The advantage of separating
alignment from distribution is that we can address the collocation problem
(determining which iterations and data should be mapped to the same pro-
cessor) without worrying about the load balancing problem.

Our focus in this paper is alignment. A complete solution to this problem
can be obtained in three steps.

1. Determine the constraints on data and computation placement.

2. Determine which constraints should be left unsatisfied.

3. Solve the remaining system of constraints to determine data and compu-
tation placement.

! An earlier version of this paper was presented in the 7th Annual Workshop on
Languages and Compilers for Parallel Computers (LCPC), Ithaca, 1994.
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In the first step, data references in the program are examined to deter-
mine a system of equations in which the unknowns are functions representing
data and computation placements. Any solution to this system of equations
determines a so-called communication-free alignment [6] — that is, a map
of data elements and computations to virtual processors such that all data
required by a processor to execute the iterations mapped to it are in its local
memory. Very often, the only communication-free alignment for a program
is the trivial one in which every iteration and datum is mapped to a single
processor. Intuitively, each equation in the system is a constraint on data and
computation placement, and it is possible to overconstrain the system so that
the trivial solution is the only solution. If so, the second step of alignment
determines which constraints must be left unsatisfied to retain parallelism in
execution. The cost of leaving a constraint unsatisfied is that it introduces
communication; therefore, the constraints left unsatisfied should be those that
introduce as little communication as possible. In the last step, the remaining
constraints are solved to determine data and computation placement.

The following loop illustrates these points. It computes the product Y of
a sub-matrix A(11: N + 10,11 : N + 10) and a vector X:

DO i=1,N
DO j=1,N
Y(1i) = Y(i) + A(i+10,j+10)*X(j)

For simplicity, assume that the virtual processors are organized as a one-
dimensional grid 7. Let us assume that computations are mapped by iteration
number — that is, a processor does all or none of the work in executing an
iteration of the loop. To avoid communication, the processor that executes
iteration (¢, j) must have A(¢+ 10,7 + 10), Y'(¢) and X(j) in its local mem-
ory. These constraints can be expressed formally by defining the following
functions that map loop iterations and array elements to virtual processors:

C : (i) — T processor that performs iteration (i, j)
D, : (4,j) = T processor that owns A(¢,j)

Dy : i—T processor that owns Y (7)

Dx : j—=T processor that owns X(j)

The constraints on these functions are the following.

C(i,j) =D4(i + 10,5 + 10)

Vi, jst. 1<4,7 <N ¢ C(i,7) =Dvy(7)

C(Zaj) = DX(J)

If we enforce all of the constraints, the only solution is the trivial solution
in which all data and computations are mapped to a single processor. In this
case, we say that our system is overconstrained. If we drop the constraint on
X, we have a non-trivial solution to the resulting system of constraints, which
maps iteration (4, ) to processor ¢, and maps array elements A(i+ 10, j + 10),
X (4) and Y (7) to processor i. Note that all these maps are affine functions
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— for example, the map of array A to the virtual processors can be written
as follows:

n-(1)-(12)()-(8) o

Since there is more than one processor involved in the computation, we
have parallel execution of the program. However, elements of X must be
communicated at runtime.

In this example, the solution to the alignment equations was determined
by inspection, but how does one solve such systems of equations in general?
Note that the unknowns are general functions, and that each function may
be constrained by several equations (as is the case for C in the example). To
make the problem tractable, it is standard to restrict the maps to linear (or
affine) functions of loop indices. This restriction is not particularly onerous in
general — in fact, it permits more general maps of computation and data than
are allowed in HPF. The unknowns in the equations now become matrices,
rather than general functions, but it is still not obvious how such systems
of matrix equations can be solved. In Section 2., we introduce our linear
algebraic framework that reduces the problem of solving systems of alignment
equations to the standard linear algebra problem of determining a basis for
the null space of a matrix. One weakness of existing approaches to alignment
is that they handle only linear functions; general affine functions, like the
map of array A, must be dealt with in ad hoc ways. In Section 3., we show
that our framework permits affine functions to be handled without difficulty.

In some programs, replication of arrays is useful for exploiting parallelism.
Suppose we wanted to parallelize all iterations of our matrix-vector multipli-
cation loop. The virtual processor (4, ) would execute the iteration (7, 7) and
own the array element A(i + 10,7 + 10). It would also require the array el-
ement X (7). This means that we have to replicate the array X along the 4
dimension of the virtual processor grid. In addition, element Y(¢) must be
computed by reducing (adding) values computed by the set of processors
(i,%). In Section 4., we show that our framework permits a solution to the
replication /reduction problem as well.

Finally, we give a systematic procedure for dropping constraints from over-
constrained systems. Finding an optimal solution that trades off parallelism
for communication is very difficult. First, it is hard to model accurately the
cost of communication and the benefit of parallelism. For example, parallel
matrix-vector product is usually implemented either by mapping rows of the
matrix to processors (so-called 1-D alignment) or by mapping general sub-
matrices to processors (so-called 2-D alignment). Which mapping is better
depends very much on the size of the matrix, and on the communication to
computation speed ratio of the machine [9]. Second, even for simple parallel
models and restricted cases of the alignment problem, finding the optimal
solution is known to be NP-complete problem [10]. Therefore, we must fall
back on heuristics. In Section 5., we discuss our heuristic. Not surprisingly,
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our heuristic is skewed to “do the right thing” for kernels like matrix-vector
product which are extremely important in practice.

How does our work relate to previous work on alignment? Our work is
closest in spirit to that of Huang and Sadayappan who were the first to for-
mulate the problem of communication-free alignment in terms of systems
of equational constraints [6]. However, they did not give a general method
for solving these equations. Also, they did not handle replication of data.
Anderson and Lam sketched a solution method [1], but their approach is un-
necessarily complex, requiring the determination of cycles in bipartite graphs,
computing pseudo-inverses etc — these complications are eliminated by our
approach.

The equational, matrix-based approach described in this paper is not the
only approach that has been explored. Li and Chen have used graph-theoretic
methods to trade off communication for parallelism for a limited kind of
alignment called azis alignmeni[10]. More general heuristics for a wide variety
of cost-of-communication metrics have been studied by Chatterjee, Gilbert
and Schreiber|[2, 3], Feautrier [5] and Knobe et al [8, 7].

To summarize, the contributions of this paper are the following.

1. We show that the problem of determining communication-free partitions
of computation and data can be reduced to the standard linear algebra
problem of determining a basis for the null space of a matrix , which can
be solved using fairly standard techniques (Section 2.2).

2. Previous approaches to alignment handle linear maps, but deal with affine
maps in fairly ad hoc ways. We show that affine maps can be folded into
our framework without difficulty (Section 3.).

3. We show how replication of arrays is handled by our framework (Sec-
tion 4.).

4. We suggest simple and effective heuristic strategies for deciding when
communication should be introduced (Section 5.).

2. Linear Alignment

To avoid introducing too many ideas at once, we restrict attention to linear
subscripts and linear maps in this section. First, we show that the alignment
problem can be formulated using systems of equational constraints. Then, we
show that the problem of solving these systems of equations can be reduced
to the standard problem of determining a basis for the null space of a matrix,
which can be solved using integer-preserving Gaussian elimination.

2.1 Equational Constraints

The equational constraints for alignment are simply a formalization of an
intuitively reasonable statement: ‘to avoid communication, the processor that
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performs an iteration of a loop nest must own the data referenced in that
iteration’. We discuss the formulation of these equations in the context of the
following example:

DO j=1,100
DO k=1,100
B(j,k) = A(j,k) + A(k,3)

If i is an iteration vector in the iteration space of the loop, the alignment
constraints require that the processor that performs iteration i must own
B(Fii), A(F4i) and A(F2i), where F; and F are the following matrices:

10 0 1
re(o) (V)

Let C, D4 and Dy be p x 2 matrices representing the maps of the com-
putation and arrays A and B to a p-dimensional processor template; p is an
unknown which will be determined by our algorithm. Then, the alignment
problem can be expressed as follows: find C, D4 and D g such that

Ci = DgFii
Vi€ iteration space of loop : Ci=D Fii
Ci=D4F.i

To ‘cancel’ the i on both sides of each equation, we will simplify the
problem and require that the equations hold for all 2-dimensional integer
vectors, regardless of whether they are in the bounds of the loop or not.
In that case, the constraints simply become equations involving matrices, as
follows: find C, D 4 and D g such that

C = DzF,
C = DuF, (2.1)
C = D,F,

We will refer to the equation scheme C = DF as the fundamental equation
of alignment.

The general principle behind the formulation of alignment equations
should be clear from this example. Each data reference for which alignment
is desired gives rise to an alignment equation. Data references for which sub-
scripts are not linear functions of loop indices are ignored; therefore, such
references may give rise to communication at runtime. Although we have
discussed only a single loop nest, it is clear that this framework of equa-
tional constraints can be used for multiple loop nests as well. The equational
constraints from each loop nest are combined to form a single system of simul-
taneous equations, and the entire system is solved to find communication-free
maps of computations and data.
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2.2 Reduction to Null Space Computation

One way to solve systems of alignment equations is to set C and D matrices

to the zero matrix of some dimension. This is the trivial solution in which all

computations and data are mapped to a single processor, processor 0. This

solution exploits no parallelism; therefore, we want to determine a non-trivial

solution if it exists. We do this by reducing the problem to the standard linear

algebra problem of determining a basis for the null space of a matrix.
Consider a single equation.

C = DF

This equation can be written in block matrix form as follows:

(co)(Lg) = o

Now it is of the form UV = 0 where U is an unknown matrix and V is a
known matrix. To see the connection with null spaces, we take the transpose
of this equation and we see that this is the same as the equation VI UT = 0.
Therefore, U” is a matrix whose columns are in the null space of V. To
exploit parallelism, we would like the rank of U7 to be as large as possible.
Therefore, we must find a basis for the null space of matrix VT. This is done
using integer-preserving Gaussian elimination, a standard algorithm in the
literature [4, 12].

The same reduction works in the case of multiple constraints. Suppose
that there are s loops and ¢ arrays. Let the computation maps of the loops
be C1,C,,...,C;, and the array maps be Dy, Ds,...,D;. We can construct
a block row with all the unknowns as follows:

U = (C1 C, ... C;, D; ... Dt)
For each constraint of the form C; = D F,, we create a block column:
0
I
vV, = 0
-F,
0
where the zeros are placed so that:
UV, = C;-D,F, (2.2)

Putting all these block columns into a single matrix V, the problem of
finding communication-free alignment reduces once again to a matrix equa-
tion of the form

UV = 0 (2.3)

The reader can verify that the system of equations (2.1) can be converted
into the following matrix equation:
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Input:. A set of alignment constraints of the form C; = D F,.
Output:. Communication-free alignment matrices C; and Dy.
Assemble block columns as in (2.2).

Put all block columns V, into one matrix V.

Compute a basis UT for the null space of V7.

Set template dimension to number of rows of U.

Extract the solution matrices C; and Dy, from U.

Reduce the solution matrix U as described in Section 2.4.

S U W N

Fig. 2.1. Algorithm LINEAR-ALIGNMENT.

I I 1
(C Ds Dp) 0 -F, -F =0 (2.4)
-F; 0 0
A solution matrix is:
U=(11111 1) (2.5)
which gives us:
C=Dy=Dp=(1 1) (2.6)

Since the number of rows of U is one, the solution requires a one dimensional
template. Iteration (4,7) is mapped to processor i + j. Arrays A and B are
mapped identically so that the ‘anti-diagonals’ of these matrices are mapped
to the same processor.

The general algorithm is outlined in Figure 2.1.

2.3 Remarks

Our framework is robust enough that we can add additional constraints to
computation and data maps without difficulty. For example, if a loop in a
loop nest carries a dependence, we may not want to spread iterations of that
loop across processors. More generally, dependence information can be char-
acterized by a distance vector z, which for our purposes says that iterations i
and i+z have to be executed on the same processor. In terms of our alignment
model:

Ci+b = C(i+z)+b & Cz = 0 (2.7)

We can now easily incorporate (2.7) into our matrix system (2.3) by adding
the following block column to V:

0
Vdep = VA
0

where zeros are placed to that UV 4., = Cz. Adding this column to V will
ensure that any two dependent iterations end up on the same processor.
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In some circumstances, it may be necessary to align two data references
without aligning them with any computation. This gives rise to equations
of the form D;F; = DsF5. Such equations can be incorporated into our
framework by adding block columns of the form

0
Fy
v, = | o (2.8)
—F,
0

where the zeros are placed so that UV, = D{F{—D>F5,.

2.4 Reducing the Solution Basis

Finally, one practical note. It is possible for Algorithm LINEAR-ALIGNMENT
to produce a solution U which has p rows, even though all C; produced by
Step 5 have rank less than p. A simple example where this can happen is a
program with two loop nests which have no data in common. Mapping the so-
lution into a lower dimensional template can be left to the distribution phase
of compiling; alternatively, an additional step can be added to Algorithm
LINEAR-ALIGNMENT to solve this problem directly in the alignment phase.
This modification is described next.

Suppose we compute a solution which contains two computation align-
ments:

Let r be the number of rows in U. Let 1 be the rank of Cq, and let r5 be
the rank of C,. Assume that 71 < 7. We would like to have a solution basis
where the first 71 rows of C; are linearly independent, as are the first 7o rows
of Co — that way, if we decide to have an r;-dimensional template, we are
guaranteed to keep r; degrees of parallelism for the second loop nest, as well.

Mathematically, the problem is to find a sequence of row transformations
T such that the first r1 rows of TC; are linearly independent and so are the
first 79 rows of TC,.

A detailed procedure is given in the appendix. Here, we describe the
intuitive idea. Suppose that we have already arranged the first r; rows of C;
to be linearly independent. Inductively, assume that the first £ < 72 rows of
Cs are linearly independent as well. We want to make the k& + 1-st row of
C, linearly independent of the previous k£ rows. If it already is, we go the
next row. If not, then there must be a row m > k + 1 of Ca which is linearly
independent of the first £ rows. It is easy to see that if we add the m-th row
to the k4 1-st row, we will make the latter linearly independent of the first &
rows. Notice that this can mess up C;! Fortunately, it can be shown that if
we add a suitably large multiple of the m-th row, we can be sure that the first
r1 rows of C; remain independent. This algorithm can be easily generalized
to any number of C; blocks.
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3. Affine Alignment

In this section, we generalize our framework to affine functions. The intuitive
idea is to ‘encode’ affine subscripts as linear subscripts by using an extra
dimension to handle the constant term. Then, we apply the machinery in
Section 2. to obtain linear computation and data maps. The extra dimension
can be removed from these linear maps to ‘decode’ them back into affine
maps.

We first generalize the data access functions F; so that they are affine
functions of the loop indices. In the presence of such subscripts, aligning data
and computation requires affine data and computation maps. Therefore, we
introduce the following notation.

Computation maps: C;(i) = Cji+c; (3.1)
Data maps: Dy(a) = Dra+ dy (3.2)
Data access functions: Fo(i) =Fpi+ 1, (3.3)

C;, Dy and F, are matrices representing the linear parts of the affine
functions, while c;, di and f, represent constants. The alignment constraints
from each reference are now of the form

viezZ™ . Cji+cj :Dk(Fei+fz)+dk (3.4)

3.1 Encoding affine constraints as linear constraints

Affine functions can be encoded as linear functions by using the following
identity.

Tx+t = (T t)(f) (3.5)

where T is a matrix, and t and x are vectors. We can put (3.4) in the form:

(Cj Ca)(ll) = Dy ( F¢ fz)(il>—|—dk
F .
0

I
~
)
£
o8
ol
SNa—
TN
o~
= .
[
N——
TN
—_ -
N—
w
2

Now we let:

(3.6) can be written as:

Viez? : @(;):mm(
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As before, we would like to ‘cancel’ the vector ! ) from both sides of

1
the equation. To do this, we need the following result.

Lemma 3.1. Let T be a matriz, t a vector. Then

x
vx( T t) ( ) ) =0
if and only if T=0 and t = 0.

Proof:. In particular, we can let x = 0. This gives us:

(T t) ( ? ) =t =0

So t = 0. Now, for any x:

(T ¢) ( 1 > = (T o )( 1 ) = Tx = 0

which means that T = 0, as well. O.

Using Lemma 3.1, we can rewrite (3.8) as follows:
C;, = DiF, (3.9)

We can now use the techniques in Section 2. to reduce systems of such
equations to a single matrix equation as follows:

UV = 0 (3.10)

In turn, this equation can be solved using the Algorithm LINEAR-ALIGN-
MENT to determine U. To illustrate this process, we use the example from
Section 1.:

DO i=1,N
DO j=1,N
Y(1i) = Y(i) + A(i+10,j+10)*X(j)

Suppose we wish to satisfy the constraints for Y and A. The relevant array
access functions are:

(3w ()

01 10
Fy = (1 0) fy = (0) (3.11)
A 1 0 10 A 10 o
Fa = 0 1 10 | Fy = ( 0 0 1)

001

The reader can verify that the matrix equation to be solved is the following
one.

UV = 0 (3.12)
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U = (¢ Dy Dy) V= | -Bso

And the solution is the following matrix.

. 10010 1010
U:<001001 01) (3:.13)

From this matrix, we can read off the following maps of computation and

data.
00) =& 1 0 -10
01>DA_<001>
0
1

¢ =
o = (g Y)

This says that iteration ¢ of the loop and element X (i) are mapped to the
following virtual processor.

i 100 ¢ i
c(i)=Gont){y)-(3)
1

Notice that although the space of virtual processors has two dimensions
(because of the encoding of constants), the maps of the computation and data
use only a one-dimensional subspace of the virtual processor space. To obtain
a clean solution, it is desirable to remove the extra dimension introduced by
the encoding.

We have already mentioned that there is always a trivial solution that
maps everything to the same virtual processor p = 0. Because we have in-
troduced affine functions, it is now possible to map everything to the same
virtual processor p # 0. In our framework it is reflected in the fact that there
is always a row

wi=(00 ..010 ..01..00 1) (3.14)

O = O =

(with zeros placed appropriately) in the row space of the solution matrix U.
To “clean up” the solution notice that we can always find a vector x such
that xTU = wT. Moreover, let k be the position of some non-zero element
in x and let J be an identity matrix with the k-th row replaced by x” (J is
non-singular). Then the k-th row of U’ = JU is equal to w” and is linearly
independent from the rest of the rows. This means that we can safely remove
it from the solution matrix. Notice that this procedure is exactly equivalent
to removing k-th row from U. A more detailed description is given in the
appendix.
Algorithm AFFINE-ALIGNMENT is summarized in Figure 3.1.
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Input:. A set of alignment constraints as in Equation (3.4).
Output:. Communication-free alignment mappings characterized by Cj;,
Cj, Dk, dz.
1. Assemble F'; matrices as in Equation 3.6.
2. Assemble block columns V, as in Equation (2.2) using F, instead of
F,.
3. Put all block columns V, into one matrix V.
4. Compute a basis UT for null-space of V7 as in the Step 3 of
LINEAR-ALIGNMENT algorithm.
5. Eliminate redundant row(s) in U.
6. Extract the solution matrices from U.

Fig. 3.1. Algorithm AFFINE-ALIGNMENT.

4. Replication

As we discussed in Section 1., communication-free alignment may require
replication of data. Currently, we allow replication only of read-only arrays
or of the arrays which are updated using reduction operations. In this section,
we show how replication of data is handled in our linear algebra framework.
We use a matrix-vector multiplication loop (MVM) as a running example.

DO i=1,N
DO j=1,N
Y(i) = Y(i) + A(1,j)*X(j)

We are interested in deriving the parallel version of this code which uses 2-D
alignment — that is, it uses a 2-dimensional template in which processor (¢, j)
performs iteration (i,j). If we keep the alignment constraint for A only, we
get the solution:

c=pa=(4 V) (4.1)

which means that iteration (i,j) is executed on the processor with coor-
dinates (4,7). This processor also owns the array element A(7,7). For the
computation, it needs X(j) and Y'(¢). This requires that X be replicated
along the 7z dimension of the processor grid, and Y be reduced along the j
dimension. We would like to derive this information automatically.

4.1 Formulation of replication

To handle replication, we associate a pair of matrices R and D with each data
reference for which alignment is desired; as we show next, the fundamental
equational scheme for alignment becomes RC = DF.
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Up to this point, data alignment was specified using a matrix D which
mapped array element a to logical processor Da. If D has a non-trivial null-
space, then elements of the array belonging to the same coset of the null-space
get placed onto the same virtual processor; that is,

Da1 = Dag
f=4
a; —ay € null(D)

When we allow replication, the mapping of array elements to processors
can be described as follows. Array element a is mapped to processor p if

Rp = Da

The mapping of the array is now a many-to-many relation that can be de-
scribed in words as follows:

— Array elements that belong to the same coset of null(D) are mapped onto
the same processors.
— Processors that belong to the same coset of null(R) own the same data.

From this, it is easy to see that the fundamental equation of alignment
becomes RC = DF. The replication-free scenario is just a special case when
R is I. Not all arrays in a procedure need to be replicated — for example,
if an array is involved in a non-reduction dependence or it is very large, we
can disallow replication of that array. Notice that the equation RC = DF
is non-linear if both R and C are unknown. To make the solution tractable,
we first compute C based on the constraints for the non-replicated arrays.
Once C is determined, the equation is again linear in the unknowns R and
D. Intuitively, this means that we first drop some constraints from the non-
replicated alignment system, and then try to satisfy these constraints via
replication.

We need to clarify what “fixing C” means. When we solve the alignment
system (2.3), we obtain a basis Chpaes for all solutions to the loop alignment.
The solutions can be expressed parametrically as

C= TCbasis (42)
for any matrix T. Now the replication equation becomes
RTCy.s = DF (4.3)

and we are faced again with a non-linear system (T is another unknown)!
The key observation is that if we are considering a single loop nest, then
T becomes redundant since we can “fold it” into R. This lets us solve the
replication problem for a single loop nest.

In our MVM example, once the loop alignment has been fixed as in (4.1),
the system of equations for the replication of X and Y is:
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Input:. Replication constraints of the form RC = DF.
Output:. Matrices R, D and Ciasis that specify alignment with replica-
tion.

1. Find Chiasis by solving the alignment system for the non-replicated
arrays using the Algorithm AFFINE-ALIGNMENT. If all arrays in the loop
nest are allowed to be replicated, then set Cposis = L.

2. Find (R, D) pairs that specify replication by solving the RCyqsis =
DF equations.

Fig. 4.1. Algorithm SINGLE-LOOP-REPLICATION-ALIGNMENT.

RXC = DxFX
RyC = DyFy

These can be solved independently or put together into a block-matrix form
UV =0:

U = ( RX Ry DX DY )
C 0
_ 0 C (4.4)
Vo= Dy O
0 Dy
and solved using the standard methods. The solution to this system:
Rx = (0 1) Dx = (1)
(4.5)
Ry = (1 0) Dy = (1)

which is the desired result: columns of the processor grid form the cosets of
null(Rx) and rows of the processor grid form the cosets of null(Ry).

The overall Algorithm SINGLE-LOOP-REPLICATION-ALIGNMENT is summa-
rized in Figure 4.1.

5. Heuristics

In practice, systems of alignment constraints are usually over-determined, so
it is necessary to drop one or more constraints to obtain parallel execution.
As we mentioned in the introduction, it is very difficult to determine which
constraints must be dropped to obtain an optimal solution. In this section,
we discuss our heuristic which is motivated by scalability analysis of common
computational kernels.

5.1 Lessons from some common computational kernels

We motivate our ideas by the following example. Consider a loop nest that
computes matrix-matrix product:
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DO i=1,n
DO j=1,n
DO k=1,n
C(i,j) = C(i,j) + AL, k)*B(k,J)

[9] provides the description of various parallel algorithms for matrix-matrix
multiplication. It is shown that the best scalability is achieved by an algorithm
which organizes the processors into a 3-D grid. Let p, ¢ and r be the processor
indices in the grid. Initially, A is partitioned in 2-D blocks along the p-r “side”
of the grid. That is, if we let AP" be a block of A, then it is initially placed on
processor with the coordinates (p,0,7). Similarly, each block B is placed
on processor (0,¢,7). Our goal is to accumulate the block C?? of the result
on the processor (p,q,0).

At the start of the computation, A is replicated along the second (q)
dimension of the grid. B is replicated along the first dimension (p). Therefore,
we end up with processor (p,¢,7) holding a copy of AP" and B"9. Then each
processor computes the local matrix-matrix product:

DPT" = AP x B™? (5.1)
It is easy to see that the blocks of C are related to these local products by:

Ccre =Y Drer (5.2)

Therefore, after the local products are computed, they are reduced along the
r dimension of the grid.

We can describe this computation using our algebraic framework. There
is a 3-D template and the computation alignment is an identity. Each of the
arrays is replicated. For example the values of D and R for the array A are:

= (0 o= (3 1) u

By collapsing different dimensions of the 3-D grid, we get 2-D and 1-D
versions of this code. In general, it is difficult for a compiler to determine
which version to use — the optimal solution depends on the size of the ma-
trix, and on the overhead of communication relative to computation of the
parallel machine [9]. On modern machines where the communication over-
head is relatively small, the 3-D algorithm is preferable, but most alignment
heuristics we have seen would not produce this solution — note that all ar-
rays are communicated in this version! These heuristics are much more likely
to “settle” for the 2-D or 1-D versions, with some of the arrays kept local.

Similar considerations apply to other codes such as matrix-vector prod-
uct, 2-D and 3-D stencil computations, and matrix factorization codes [9].
Consider stencil computations. Here is a typical example:

DO i=1,N
DO j=1,N
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AGi,3) = ...B(i-1,j)...B(i+1,3)...
...B(i,j)...B(i,j-1)...B(i,j+1))

In general, stencil computations are characterized by array access functions
of the form Fi + f, where the linear part F is the same for most of the ac-
cesses. The difference in the offset induces nearest-neighbor communication.
We will analyze the communication/computation cost ratio for 1-D and 2-D
partitioning of this example. For the 1-D case, the N-by-V iteration space
is cut up into N/P-by-N blocks. If N is large enough, then each processor
has to communicate with its “left” and “right” neighbors, and the volume of
communication is 2N. We can assume that the communication between the
different pairs of neighbors happens at the same time. Therefore, the total
communication time is ©®(2N). The computation done on each processor is
©(N?/P), so the ratio of communication to computation is ©(P/N). In the
2-D case, the iteration space is cut up into N/+/P-by-N/+/P blocks. Each
processor now has four neighbors to communicate with, and the volume of
communication is 4N/+/P. Therefore, the ratio for this case is @(v/P/N). We
conclude that 2-D case scales better than 1-D case?. In general, if we have a
d-dimensional stencil-like computation, then it pays to have a d-dimensional
template.

The situation is somewhat different in matrix and vector products and
matrix factorization codes (although the final result is the same). Let us
consider matrix-vector product together with some vector operation between
X and Y:

DO i=1,N
DO j=1,N
Y(i) = Y1) + A(L,7) * X(j)

DO i=1,N
() = ...Y@)...

This fragment is typical of many iterative linear system solvers ([11]). One
option is to use a 1-D template by leaving the constraint for X in the matrix-
vector product loop unsatisfied. The required communication is an all-to-all
broadcast of the elements of X. The communication cost is @(N log(P)). The
computation cost is @(N?/P). This gives us communication to computation
ratio of ©(log(P)P/N).

In the 2-D version, each processor gets an N/\/ﬁ—by—N/\/? block of the
iteration space and A. X and Y are partitioned in v/P pieces placed along
the diagonal of the processor grid ([9]). The algorithm is somewhat similar
to matrix-matrix multiplication: each block of X gets broadcast along the

2 In fact, the total volume of communication is smaller in the 2-D case, despite the
fact that we had fewer alignment constraints satisfied (this paradoxical result
arises from the fact that the amount of communication is a function not just of
alignment but of distribution as well).
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column dimension, each block of ¥ is computed as the sum-reduction along
the row dimension. Note that because each broadcast or reduction happensin
parallel, the communication cost is @(log(vVP)N/v/P) = O(log(P)N//P).
This results on the communication to computation ratio of @(log(P)v/P/N).
Although the total volume of communication is roughly the same for the 1-D
and 2-D case, the cost is asymptotically smaller in the 2-D case. Intuitively,
the reason is that we were able to parallelize communication itself.

To reason about this in our framework, let us focus on matrix-vector
product, and see what kind of replication for X we get for the 1-D and 2-D
case. In the 1-D case, the computation alignment is:

C=(10) (5.4)
The replication equation RC = DF for X is:

Rx(1 0)=Dx(0 1) (5.5)
The only solution is:

Rx=Dx=(0) (5.6)

This means that every processor gets all elements of X — i.e., it is an all-
to-all broadcast. We have already computed the alignments for the 2-D case
in Section 4.. Because Rx has rank 1, we have a “parallelizable” broadcasts
— that is, the broadcast along different dimensions of the processor grid
can happen simultaneously. In general, if the replication matrix has rank
r and the template has dimension d, then we have broadcasts along d —
r dimensional subspaces of the template. The larger r, the more of these
broadcasts happen at the same time. In the extreme case r = d we have a
replication-free alignment, which requires no communication, at all.

5.2 Implications for alignment heuristic

The above discussion suggests the following heuristic strategy.

— If a number of constraints differ only in the offset of the array access
function, use only one of them.

— If there is a d-dimensional DOALL loop (or loop with reductions), use a
d-dimensional template for it and try to satisfy conflicting constraints via
replication. Keep the d-dimensional template if the rank of the resulting
replication matrices is greater than zero.

— If the above strategy fails, use a greedy strategy based on array dimensions
as a cost measure. That is, try to satisfy the alignment constraints for the
largest array first (intuitively, we would like large arrays to be “locked in
place” during the computation). This is the strategy used by Feautrier [5].

Intuitively, this heuristic is biased in favor of exploiting parallelism in
DO-ALL loops, since communication can be performed in parallel before
the computation starts. This is true even if there are reductions in the loop
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nest, because the communication required to perform reductions can also be
parallelized. This bias in favour of exploiting parallelism in DO-ALL loops
at the expense of communication is justified on modern machines.

6.

Conclusion

We have presented a simple framework for the solution of the alignment
problem. This framework is based on linear algebra, and it permits the de-
velopment of simple and fast algorithms for a variety of problems that arise
in alignment.
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A. Reducing the solution matrix

As we mentioned in Section 2.4, it is possible for our solution procedure
to produce a matrix U which has more rows than the rank of any of the
computation alignments C,. Intuitively, this means that we end up with a
template that has a larger dimension than can be exploited in any loop nest
in the program. Although the extra dimensions can be ‘folded’ away during
the distribution phase, we show how the problem can be eliminated by adding
an extra step to our alignment procedure. First, we discuss two ways in which
this problem can arise.

A.1 Unrelated constraints

Suppose we have two loops with iteration alignments C; and Cs and two
arrays A and B with data alignments D 4 and Dg. Furthermore, only A is
accessed in loop 1 via access function F 4 and only B is accessed in loop 2
via access function Fg . The alignment equations in this case are:

Ci = DuFy (Al
C, = DpgFp (A.2)
We can assemble this into a combined matrix equation:
U = ( C1 Cg DA DB )
I 0
0 I
v o= -F,s O
0 —Fpg
Uv = 0 (A.3)

Say, CT and D7 are the solution to (A.1). And C5 and D% are the solution
t0 (A.2). Then it is not hard to see that the following matrix is a solution to
(A.3):

_ (G
- (¢

0 0

ci| 0 |Dj ) (A-4)
So we have obtained a processor space with the dimension being the sum

of the dimensions allowed by (A.1) (say, p1) and (A.2) (say p2). However,

these dimensions are not fully utilized since only the first p; dimensions are

used in loop 1, and only the remaining p» dimensions are used in loop 2.
This problem is relatively easy to solve. In general, we can model the

alignment constraints as an undirected alignment constraint graph G whose

D}
0

% For simplicity we are considering linear alignments and subscripts. For affine
alignments and subscripts the argument is exactly the same after the appropri-
ate encoding.
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vertices are the unknown D and C alignment matrices; an edges (z,y) repre-
sents an alignment equation constraining vertex x and vertex y. alignments.
We solve the constraints in each connected component separately, and choose
a template with dimension equal to the maximum of the dimensions required
for the connected components.

A.2 General Procedure

Unfortunately, extra dimensions can arise even when there is only one com-
ponent in the alignment constraint graph. Consider the following program
fragment:

DO i=1,n
DO j=1,n
. WAGL,0,5). ..

The alignment equation for this loop is:

10
C = D4y 0 0
01
The solution is:
1 0l1 00
U=(C D)=(0 0|0 1 0
0 1/0 0 1

So we have rank(C) = 2 < rank(U). If we use this solution, we end up placing
the unused dimension of A onto an extra dimension of virtual processor space.
We need a way of modifying the solution matrix U so that:

rank(U) = m?x{rank(Ci)} (A.5)

For this, we apply elementary (unimodular) row operations * to U so that
we end up with a matrix U’ in which the first rank(C;) rows of each C;
component form a row basis for the rows of this component. We will say that
each component of U’ is reduced. By taking the first max;{rank(C;)} rows of
U’ we obtain a desired solution W.

In our example matrix U is not reduced: the first two rows of C do not
for a basis for all rows of C. But if we add the third row of U to the second
row, we get U’ with desired property:

1 0 0 0

1
U = 0 1|0 1
0 10 1

1
0

* Multiplying a row by £1 and adding a multiple of one row to another are
elementary row operations.
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Now by taking the first two rows of U’ we obtain a solution which does not
induce unused processor dimensions.

The question now becomes: how do we systematically choose a sequence
of row operations on U in order to reduce its components? Without loss of
generality, lets assume that U only consists of C; components:

U = (C1 Cy ... Cs) (A.6)
Let:

— ¢ be the number of rows in U. Also, by construction of U, ¢ = rank(U).
— r; be the rank of C; fori=1,...,s.
— Tmae = max;{rank(C;)}. Notice that 7,qz # ¢, in general.

We want to find matrix W, so that:

— number of rows in W equals t0 7mqz-
— each component of W has the same rank as the corresponding component
of U.

Here is the outline of our algorithm:

1. Perform elementary row operations on U to get U’ in which every com-
ponent is reduced.
2. Set W to the first 7,4, rows of U’.

The details are filled in below.
We need the following Lemma:

Lemma A.1. Let aj,...,a,,a541,...,a, be some vectors. Furthermore as-
sume that the first v vectors form a basis for the span ai,...,a,. Let:
™
a, = Y pBa (A7)
i=1
be the representation of ay in the basis above. Then the vectors ay, ..., a,_1,
a, + aay are linearly independent (and form a basis) if and only if:
14aB. # 0 (A.8)
Proof:.
a.+aa, = a +a2ﬁjaj
i=1
r—1
= a1+ af) —|—a2ﬁjaj (A.9)
i=1

Now if in the equation (A.9) (1+af,) = 0, then the vectors a,...,an—1,a,+
aay, are linearly dependent. Vice versa, if (1 + «8,) # 0, then these vectors
are independent by the assumption on the original first r vectors. d
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Lemma A.1 forms a basis for an inductive algorithm to reduce all compo-
nents of U. Inductively assume that we have already reduced Cy,...,Cg_1.
Below we show how to reduce Cy, while keeping the first £ — 1 components
reduced.

Let
T
o,
ay
C;, = .
T
aq

we want the first r; rows to be linearly independent. Assume inductively that
the first ¢ — 1 rows (¢ < 7;) are already linearly independent. There are two
cases for the i-th row (af):

1. af is linearly independent from the previous rows. In this case we just
move to the next row.

2. a; = E}; Yeay, i.e. a; is linearly dependent on the previous rows.
Note that since 7; = rank(C;) > i, there is a row a,, which is lin-
early independent from the first ¢ — 1 rows. Because of this the rows
a,...,a;_1,a; + oa, are linearly independent for any o # 0.

Lemma, A.1 tells us that we can choose « so that the previous components
are kept reduced. We have to solve a system of inequalities like:

1+a8  # 0
1+ aﬂg) # 0

(A.10)
1+aBly Y # 0
where ﬁg}), - Sfj) come from the inequalities (A.8) for each compo-

nent. ﬁf«?’s are rational numbers: ﬂ,(n? = n;/&. So we have to solve a
system of inequalities:

any # —&

ang  F &

) (A.11)
ane-1 F k-1

It is easy to see that o = max;{|¢;|} + 1 is a solution.

The full algorithm for communication-free alignment ALIGNMENT-WITH-FIX-
UP is outlined in Figure A.1.

B. A Comment on Affine Encoding

Finally, we make a remark about affine encoding. A sanity check for align-
ment equations is that there should always be a trivial solution which places
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Input:. A set of encoded affine alignment constraints as in Equation (3.4).
Output:. Communication-free alignment mappings characterized by Cj;,
¢;, Dy, dr which do not induce unused processor dimensions.
1. Form alignment constraint graph G.
2. For each connected component of G:
a) Assemble the system of constraints and solve it as described in
Algorithm AFFINE-ALIGNMENT to get the solution matrix U.
b) Remove the extra row of of U that was induced by affine encoding.
(Section B.)
c¢) If necessary apply the procedure described in Section A.2 to re-
duce the computation alignment components of U.

Fig. A.1. Algorithm ALIGNMENT-WITH-FIXUP

everything onto one processor. In the case of linear alignment functions and
linear array accesses, we have a solution U = 0. When we use affine functions,
this solution is still valid, but there is more. We should be able to express a
solution U # 0 that places everything on a single non-zero processor. Such
a solution would have C; = 0, D; = 0, ¢; = d; = 1. Or, using our affine
encoding:
C; = (00 ... 0]1)
D; = (00 ... 0 0|L1)
Below, we prove that solution of this form always exists; moreover, this gives
rise to an extra processor dimension which can be eliminated without using
the algorithm of Section A..

Let the matrix of unknowns be:

U = (¢ .. C D ... D)
Also let:
— m; be the number of columns of C; for i = 1,...,s. (m; is the dimension
of the ith loop.)
— Mgsti be the number of columns of D; for i = 1,...,¢. (msy; is the dimen-
sion of the (s +7)th array.)
—e,€Z"e,=(0 0 ... 0 1 )T. (k — 1 zeros followed by a 1.)
— w e ZUmtmate4mats) a5 in:
€m,
€m,
w = €m,
ems+1

ems+t
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It is not hard to show that w7V = 0. In particular, we can show that
vector w is orthogonal to every block column V, that is assembled into V.

Suppose that Vq corresponds to the equation:

Ci = Dij
Therefore:
0
I
vV, = 0
.
0

Note that V, has m; columns (the dimension of the 7th loop) and the last
column looks like (check the definition of F in Section 3.1:

0
0

with 1 and —1 placed in the same positions as the 1s in w. It is clear that w
is orthogonal to this column of Vq. w is also orthogonal to the other columns
of Vq, since only the last column has non-zeros, where w has 1s.

How can we remove an extra dimension in U that corresponds to w? Note
that in general f{ will not have a row that is a multiple of w! Suppose that
U has r = rank(U) rows:

uy

uf

T
.

Since wI'V = 0, we have that

w € null(V?)
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But rows of U form a basis for null(V7”). Therefore:

w € span(u,...,u,) (B.1)
Let x be the solution to:

XT-[TJ- = WT

One of the coordinates of x, say xy, must be non-zero. Form the matrix J(x)
by substituting the £th row of an r-by-r identity matrix with x7:

i1 0o 0 O ... 0 ... 0

o 1 0 0O ... 0 ... 0

o o0 1 0 ... 0 ... 0

0 0 0 1 0 0
J(x) =

X1 X2 T3 T4 ... Ty .. Tp

o 0 0 o0 ... 0 ... 1

J(x) is non-singular, because z, # 0. Therefore U’ = J(x)U has the same
rank as U and it is also a basis for the solutions to our alignment system:

UV =Jx)UV=J(x)0=0

But by construction:
T

T
u3

! _ T
U = u,
WT

T
Wyt
ul

r

Now we can just remove the w’ row to get non-trivial solutions! Notice that
we don’t really have to form J(x) — we have to find x (using Gaussian
elimination) and then remove the {th row from U such that z, # 0.



